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SYLLABUS: DIFFERENCE EQUATIONS

Objectives:

Difference equations usually describe the evolution of certain phenomena over the
course of time. The aim of studying this course is

* to introduce the difference calculus
* to study linear difference equations and to know how to solve them

* to know the stability theory for homogeneous linear system of difference equa-
tions

* to study the asymptotic behavior of solutions of homogeneous linear difference
equations

UNIT I: Difference Calculus Difference operator - Summation — Generating func-
tions and approximate summation.

UNIT II: Linear Difference Equations First order equations - General results for
linear equations - Solving linear equations.

UNIT III: Linear Difference Equations(continuation) Equations with variable co-
efficients — The z -transform.

UNIT IV: Stability Theory Initial value problems for linear systems — Stability of
linear systems.

UNIT V: Asymptotic Methods Introduction — Asymptotic analysis of sums — Linear

equations.
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Unit 1

The Difference Calculus

Objectives:

This unit briefly surveys the most important aspects of the difference calculus. It
deals with the difference operator and the computation of sums, introduces the con-
cept of generating function, and contains a proof of the important Euler summation

formula.

1.1 The Difference Operator

Definition 1.1.1. Let y(t) be a function of a real or complex variable t. The “difference

operator” A is defined by
Ay(t) =yt +1) —y(t).
We can take the domain of y to be a set of consecutive integers such as the natural

numbers N = {1,2,--- }.

Remark 1.1.2. The step size of one unit used in the definition is not really a restriction.
Consider a difference operation with a step size h > 0 say, z(s + h) — z(s). If we take
y(t) = z(th), then we have
z(s+h)—z(s) = z(th+h)— z(th)
= y(t+1) —yt)
= Ay(t).

When applying the difference operator to a function of two or more variables, a

subscript will be used to indicate which variable is to be shifted by one unit.
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For example,

Agte™ = (t+ 1)e" — te" =",

while

Apte™ = te" T —te" = te"(e — 1).

Remark 1.1.3. Higher order differences are defined by composing the difference operator

with itself. The second order difference is

= Ayt +1) —y(t))
( (t+2) — y(t—l—l)) —2q(y(t—|—1) —y(t))

= A%y(t) = y(t +2) — 2y(t + 1) + y(t).

In general, the formula for the n'" order difference is given by

n(n —1)

AMy(t) = y(t+n)—ny(t+n-—1)+ 51

n

= Y (-1 ( . ) y(t +n—k).

k=0

y(t+n—2)+- -+ (=1)"y(t) (1.1)

Definition 1.1.4. The “shift operator” E is defined by
By(t) = y(t + 1),

If I denotes the identity operator defined by

Then, we have

Theorem 1.1.5. The following are some fundamental properties of A:
(@) A™(A™y(t)) = A™Ty(t), for all positive integers m and n.
(D) Aly(t) + =(1)) = Ay(t) + Az(t).
(c) A(Cy(t)) = CAy(t), if C is a constant.

() Aly(H)=(t)) = y(B)A=(t) + E=(t)Ay(t).
t) _ (t
) (t

(
y( 2(t) Ay (t)—y(t) Az(t)
(e) Az 2(0)EB=(0) .




Proof. (a) For all positive integers m and n, we have

Am(AMyY() = (B = D"((E - 1)"y(t))
= (B 1"™7y(n)

= A"y(t).
(b) We have

Afy(t) +2@) = (yt+1)+2(+1)) = (yt) +2(1))
= (Wt+1) —y) + (20 +1) —2(0)
= Ay(t) + Ax(t).

(c) For a constant ', we have

A(Cy(t)) = Cy(t+1)—Cy(t)
= Cy(t+1)—y(t)
= CAy(t).

(d) We have
A(y(t)z(t)) = y(t+1)z(t+1) —y(t)z(t)
— (b4 D)zt + 1) — y(t)2(t + 1) + y()2(t + 1) — y()2(t)
= z2(t+ D+ 1) —y) +y@)(z(t + 1) — (1))
= 2t +1)Ay(t) + y(t)Ax(t)
= Ex(t)Ay(t) + Ey(t)Az().

(e) We have

y(t+Dz(t) —y()z(t +1) — y(t)2(t) +y(t)=(t)




Byt +1) —y@)] —y@)[=(t + 1) — 2(2)]
2(t)Ez(t)

2()Ay(t) —y(H)Az(t)
2(t)Ez(t)

The following theorem give formulas for differences of some basic functions.

Theorem 1.1.6. Let “a” be a constant. Then
(@) Aa' = (a —1)d".
(b) Asinat = 2sin § cosa (t + %)
(c) Acosat = —2sin g sina (t + %)
(d) Alogat = log (1 + %)
(e) AlogT'(t) = logt.

(Here logt represents any logarithm of the positive number t.)

Proof. (a) We have

Add = ot —dl = (a—1)a’
(b) We have
Asinat = sina(t+ 1) —sinat
t+1)—at t+1 t
_ gy (At —at) o fa(t+1)+at
2 2
o g a 2at + a
= 2sin — cos
2 2
2 sin — 4t
= 2sin—cosa — .
2 2
(c) We have

Acosat = cosa(t+1)— cosat

P (a(t + ;) — at) “in <a(t+ ;) + at)

2sin ® sina (4 ©
= — 1n — SIn — .
S 2S a 2
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(d) We have

Alogat = loga(t+ 1) — logat

= log(at 4+ a) — logat
(at + a)
= log
at
=1 1+ !
= log 2]

AlogI'(t) = logI'(t+1) —logI'(¢)

(e) We have

O

Note: All the formulas in Theorem remain valid if a constant shift is intro-
duced in the ’t’ variable.
For example:

Adtth = gttt _ gtk — (g — 1)atth,

Example 1.1.7. Compute A sec rt.

First, let us compute A sec 7t using Theorem [1.1.5/(e).

y(t) _ z()Ay(t)—y(t)Az(t)
We know that Az(t) = SO0 .

Then
1

cos Tt

Asecmt = A

(cosmt)(Al) — (1)(A cost)
costcos(t + 1)

2sin Zsinm(t + 3)

cosmtcosT(t + 1)
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2(sinmt cos § 4 cos wtsin 7))

cos mt(cos t cos T — sin wt sin )

2cosmt

(cosmt)(— cosmt)

= —2secrt.

(b) Next, let us compute A sec 7t using the definition of A .

Asecnt = secn(t+ 1) —secwt
B 1 1
~ cosm(t+1) cosmt
B 1 1
~ cosmtcosT —sinwtsinm  cosmt
1 1

—cosmt cos i

= —2sect.
Note:

Definition 1.1.8. The “falling factorial power” t" is defined as follows, according to the
value of r.
() Ifr=1,2,3,--- thent*=t(t—1)(t —2)---(t —r+1).
(b) If r = 0 then t° = 1.
(C)If’l“:—17—27—37"' 7thent£: W
(d) If r is not an integer, then
Lt+1)
Lt—r+1)

Remark 1.1.9. It is understood that the definition of t" is given only for those values of t

=

and r that makes the formulas meaningful. For example, (—2)~3 is not defined since the
expression in part (c) involves division by zero and (%)% is meaningless because I'(0) is

undefined.
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Remark 1.1.10. If r is a positive integer, then
Lie+1) tr'(t)

I't—r+1) I'(t—r+1)

tt—1rt—-1)
Lit—r+1)

tt—1)---(t—r+1)It—r+1)
I't—r+1)

= tt—1)---(t—r+1).
So (a) is a special case of (d). In a similar way, (b) and (c) are particular cases of (d).

Definition 1.1.11. The “binomial coefficient ”( i ) is defined by

(7{>: r(rt;n’

where t and r are positive integers with t > r.

Theorem 1.1.12. (@) Ajt- = rt™=L.

® M) = (L), (r#0)
© A7) = ()
Proof. (a) Before we consider the general cases, let’s prove (a) for a positive integer r.
At = (t+ 1) —1t"
= D)W —1) - (t—r+2) =t —1)(t—=2) - (t—r+1)
= tt—1)--t—r+2)[t+1)+({t—r+1)]

= rtr=L

Now, Let r be arbitrary. From (d) of Definition [1.1.8], we have

Lie+1)  T(t+2) I't+1)

At = = _
! Tt—r+1) T{t—r+2) T(Et—r-+1)

(t+1T(E+1)  (t—r+ DO(E+1)

Lit—r+2) Lt—r+2)

13



(b) We know that

Then

(c) Consider
A r+t B r+t+1\ ([ r+t
t t - t+1 t
_ r+t+1-1 r+t+1-1 r—+t
- () () - ()
B r—+t
a t+1 )

Example 1.1.13. Find a solution to the difference equation

y(t+2) — 2y(t+1) +y(t) = Lt — 1).

The given difference equation can be written in the form,



From Theorem[1.1.12] we know that At~ = rt*=L. Then

At = A (A
= A4?

= 122
So y(t) = % is a solution of the difference equation.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Difference operator and its properties
2. Relation between difference operator and shift operator
3. Difference of some elementary functions

4. Falling factorial power

Check your Progress:

1. The difference operator A is defined by Ay(t) =

A) yt+1) @B yt+1)—y(t) @ y(t+1)+y(t) (D) None of these
2. The value of A;te™ is

(A) (t+1)e" (B) e” (C) et (D) te"
3. The value of Ad' is

A) (a—1)a (B) alt! Q) (a+1)a' (D) at

1.2 Summation

Definition 1.2.1. An “indefinite sum" (or “antidifference") of y(t), denoted by > y(t), is

any function so that

A(Su) =t

for all t in the domain of .
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Example 1.2.2. Compute the indefinite sum »_ 6".

We know that Aa' = a*(a — 1). Then

It follows that %t is an indefinite sum of 6'.
Let us find all other indefinite sums of 6'.

Let C(t) be a function with the same domain as 6' so that AC(t) = 0. Then

A(%t + O(t)) = A(%) +AC(t) =

S0 %t + C(t) is an indefinite sum of 6".

Further, if f(t) is any indefinite sum of 6', then

a(s0-5) =arw-a) ~o - o

so f(t) = %t + C(t) for some C(t) with AC(t) = 0. It follows that we have found all

indefinite sums of 6', and we write

» 6=~ + C(t
where C(t) is any function with the same domain as 6" and AC(t) = 0.

Theorem 1.2.3. If z(t) is an indefinite sum of y(t), then every indefinite sum of y(t) is
given by

> y(t) ==(t) + C(),

where C(t) has the same domain as y and AC(t) = 0.

Proof. Given that z(t) = > y(t).
Let us assume that C'(t) has the same domain as y(¢) so that AC(t) =
Then

A(zt)+Ct) = Az(t)+ AC(t)
= Az(t)+0

= A u)

= y(t).



Thus z(t) + C(t) is an indefinite sum of y(¢).
Further, if f(¢) is any indefinite sum of y(¢), then
A(f(t)—=2(t)) = Af(t) - Azx(t)
= y(t) —y()

= 0,

so f(t) = z(t) + C(t) with AC(t) = 0. Thus, every indefinite sum of y(¢) is given by

S y(t) = =) + C(0),

where C'(¢) is any function with the same domain as y(¢) and AC(t) = 0. O

Corollary 1.2.4. Let y(t) be defined on a set of the type {a,a+1,a+2,--- }, where a is
any real number, and let z(t) be an indefinite sum of y(t). Then every indefinite sum of

y(t) is given by

where C'is an arbitrary constant.

Theorem 1.2.5. Let ‘@’ be a constant. Then, for AC(t) = 0,
(@ Y a' =2 +C(t), (a1).

(b) > sinat = COSG——FC’( t), (a #2nm).

2 sin

(0) > cosat = _gnali—g) C(t), (a#2nm).

T 2sing sm

(d) > logt =logI'(t) + C(t), (t>0).

() Y tt=LS+C(1), (a#-1).
DX () = () +CO).
@ > () = () +C.

Proof. (a) We know that

17



Then,

t

() -

o t . o . . .
Since %~ is an indefinite sum of a‘, we can write,

t

> at= T Lo,

a—1

with AC(t) = 0.
(b) We know that

1
Acosal = —251n%sina(T+§>.

Put T =t — 5. Then,

Acosa(t —1
(_ m 2) = sin at.
—2sin 5
. cosa(t—%) . . . s . .
Since —;—=* is an indefinite sum of sin at, we can write

2

Zsinat = —w +C(t), (a#2nm)

2 sin %
with AC(t) = 0.
(c) We know that

1
Asinal = 2cosa(T + 5) sing.

Put 7 =t — . Then,

sina(t—5) _

: a
2 sin 5

. sina(t—1) . . .. .
Since % 1S an 1ndeﬁn1te sum Of COS (It, we can write
2

sina(t — 1)

Zcosat =—7T—>>+C(t), (a#2nn)

2sin %
with AC(t) = 0.
(d) We know that

Alog'(t) = log(t).

18



Since log I'(¢) is an indefinite sum of log t, we can write

Zlogt =log'(t) + C(t), (t>0)
with AC(#) = 0.

(e) We know that A,t- = rt"=L,

Then,

At = (q 1)L

t(a+1)
— A = %
a—+1

. atl . . . . .
Since Zﬁ is an indefinite sum of t¢, we can write

ta+1

D = OO, (@£ -1

with AC(t) = 0.
(H) We know that A, (‘) = (.*,) (r#0).

Then,
( t ) (t>
a-+1 a

Since (ail) is an indefinite sum of (), we can write

()= () weo
with AC(t) = 0.

(8) We know that A,("T") = (7).

t+1
Then,

A(a+t) _ (a%—t)'

t—1 t

Since ({7}) is an indefinite sum of (*7"), we can write

a-+t a-+t

= t
S (1) o

with AC(t) = 0. O

Note: All the formulas in the above Theorem remain valid if a constant shift is

introduced in the ’t’ variable.
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Example 1.2.6. Find the solution of
y(t+2) =2yt + D) +yt) =, (1=0,1,2,..),
so that y(0) = —1,y(1) = 3.

Since A?y(t) = t2, we have A(Ay(t)) = t2.

= Ay(t) is an indefinite sum of t2.

Since 3" t¢ = U + C(t), we have

3

g +C = Ay(t),
and hence

t2 0
y(t) = Z§ +CY 4+ D
t4
= —+Ct+ D,

12

where C' and D are constants. Using the values of yatt =0andt =1, weget D = —1

and C' = 4, so the unique solution is

4
t) = — +4t — 1.
y(t) T

Theorem 1.2.7. The following are some general properties of indefinite sums:

(@) >_(y(t) + 2(t) = 2oy(t) + > 2(1).

(b) 3 Dy(t) = DY y(t) if D is constant.

() 2o(y(t)Az(t) = y(t)=(t) — X2 E=(t)Ay(t).

(d) D _(Ey(t)Az(t)) = y(t)=(t) — 32 =(t)Ay(?).
Proof. (a) By the definition of indefinite sum,

A (Z y(t) + Zz(t)) N (Z y(t)) +A (Z z(t))

= y(t)+ 2(t).

= S +0) = Y ut)+ > )

20



(b) By the definition of indefinite sum,

A(Dzjg(t)) - D(A <Zy(t)>>
= Dy(t).
= ZDy(t) = DZy(t).

(¢) We know that

Aly(t)z(1)) = y(H)Az(t) + Ez(t)Ay(t).

= 3" (y0As(t) + B2(0)Ay(1) = y(1)2(t)
= 3 (s02:(0) + 3 (B0Au(t) = y=(t) by @]
— 3 (s0az0) = vv=0) -3 (Bx(0au(0).
(d) We know that

A(z(t)y(t)) = 2()Ay(t) + By(t) Ax(t).

— 3 (2)dy() + By(hA=(t) = =(0u(0)
= ) (z(t)Ay(t)> +) (Ey(t)AZ(t)> = 2()y(t) by (a)]
— Z (Ey(t)Az(t)) = y(t)z(t) — Zz(t)Ay(t).
]

Remark: Parts (c) and (d) of Theorem 1.2.7. are known as "summation by parts"

formula.
Example 1.2.8. Compute >_ ta' (a # 1).

We know that

D WHA=(t) = y()=(t) — Y _(E=(H)Ay(t)).
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at

If we choose y(t) = t and Az(t) = o', then we get z(t) = 2.
So, we have

t+1

> ta = t<ai1>_zaa_1At+C(t>

tat a .

= —< -7 d+C)
tal a

= — t
a—1 (a_1)2a+C'(),

where AC(t) = 0.
Example 1.2.9. Compute " (}) (3)-

2

Consider the summation by parts formula

D WO)Az(1) = y(t)=(t) = Y _(B=(t)Ay(h)).

By taking y(t) = () and Az(t) = (5), we get () = (g
S()G)=(6)6) -5 (0) o

Now, we applying summation by parts to the last sum with y;(t) = (), Az (t) = (

and z(t) = ("), we have

=00 - OO0 a0
- ()6) () () rew

), and hence

)

where AC(t) = 0.

Note:

For the remainder of this section, we will assume that the domain of y(¢) is the
natural numbers N = {1,2,3,...}. Sequence notation will be used for the function
y(t) : That is,

y(t) < {yn},

where n € N. It will be convenient to use the convention



whenever a > b.
Note:

Observe that for m fixed and n > m,
n—1
ATL <Z yk) = Yn,
k=m
and for p fixed and p > n,
p
A, (Z yk) = —Yn-:
k=n

Corollary 1.2.10. (Relation between definite and indefinite sums)

From the above note
n—1
Y= w+C  (m<n) (1.2)
k=m
for some constant C' and, alternatively, that

p
> y=-> w+D (p=n) (1.3)
k=n

for some constant D. Equations (1.2)) and (1.3) give us a way of relating indefinite sums

to definite sums.
Example 1.2.11. Compute the definite sum 37— (2)".

By equation (1.2) and > a' = a“—_tl + C(t), we have

SO = Yo
k=1
N 2@_)14—0

and so



Theorem 1.2.12. If z, is an indefinite sum of vy, then

n—1
k=m

Proof. Since z, is an indefinite sum of y,,, we have

and

Therefore
n—1 n—1
Z Y = Z(ZkJrl - Zk)
k=m k=m

Zn — Zm.-

I
Example 1.2.13. Compute >_ k2.

k=1

Zm+1 — "m + Zm+42 — Pm+1 + Zm+3 —

Zyn = Zn-

Yn Az,

Zn+1 — Rn-

Recall that k* = k and k% = k(k — 1).

Then k* = kX + k2, and so,

2K

DR K

k.z k§
?+§—|—C

by Theorem e). From Theorem(1.2.12} we have

>k

k=1

|:k'_2 N ]{3_3:| +1
2 3],
(+1)% (@+1)2 12 13
2 3 2 3
(I+10 (I+Dil-1)
2 + 3
(+nl (I+1i(1-1)
3 3
I(1+1)(20 + 1)
G .
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The next theorem gives a version of the summation by parts method for definite

sums.

Theorem 1.2.14. If m < n, then

n—1 n—1
ZakAbk = akbk Z Aak bk+1.
k=m k=m

Proof. Choosing y(n) = a,, and z(n) = b,, in Theorem[1.2.7|(c), we have

Z anAb,, = a,b,, — Z (Aay,) by

From equation (1.2]), we have

n—1 n—1
Z akAbk = anbn - Z (Aak) bk+1 + C
k=m k=m

With n = m + 1, the preceding equation becomes

a/mAbm - am+1bm+1 - (Aam) bm+1 + C

It follows that C' = —a,,b,,, and the proof is complete. O

Remark 1.2.15. An equivalent form of Theorem |1.2.14|is Abel’s summation formula:

n—1 n—1 n—1 k
Z dek = dn Cr — (Z Ci> Adk
k=m i

Example 1.2.16. Compute Y~ k3".
By Theorem (1.2.14|with a;, = k and Ab;, = 3F,

n n13k+1

n—1
> = s 3’“}
k=1 1 k=1

From Theorem[1.2.12]and Theorem [1.2.5(a),

.. 3"-3
3 = :
2.3 =5

Returning to our calculation, we have
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Note: The methods used in Example allow us to compute any definite sum
of sequences of the form p(n)a™, p(n)sin an, p(n) cosan, and p(n) ("), where p(n) is a
polynomial in n. However, we must have as many repetitions of summation by parts
as the degree of p.

There is a special method of summation that is based on Eq. for the n™

difference of a function:

where we have used the change of index i = n — k and the fact that

(,",) = (7). It follows that

n—i

>0 (7)oti) = -1y a9
Example 1.2.17. Compute 37 (—1)" (") ("+*).
Let y(i) = ("1%) in Eq. (T4).

From Theorem b), An () = (),

Thus, by Eq. (1.4), we get

izn;(_l)i <7Z) (Z ;a) = (=" (mi n) (1.5)

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Definition of indefinite sum
2. Indefinite sum of some basic functions

3. General properties of indefinite sums
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4. Relation between indefinite sums and definite sums

5. Abel’s summation formula

Check your Progress:

?

1. For a constanta, » (!) =

a

@ (5) ®) (1) © (a3 ® (,5)

?

2. If C'is a constant, then »_ Cy(t) =

(A) > y(t) B) C> y(t) (@ > y(Ct) (D) None of these

n—1
3. If z, is an indefinite sum of y,, then > yr = ........ ?

k=m

(A) Zn — "m (B) Zn—1 — Zm (C) Yn — Ym (D) Yn—1 — Ym

1.3 Generating Functions and Approximate Summation

In Section 1.2, we discussed a number of methods by which finite sums can be com-
puted. However, most sums, like most integrals, cannot be expressed in terms of the
elementary functions of calculus. There are functions such as y(¢f) = 1 that can be

integrated exactly,
/bldt 1 b (b>a>0)
—dt = log — a
u t g CL’ Y
but for which there is no elementary formula for the corresponding sum:
>
oz
k=1
The main result of this section, called the Euler summation formula, will give us a
technique for approximating a sum if the corresponding integral can be computed. To
formulate this result, we will use a generating function, which is itself important in the

analysis of difference equations, and a family of special functions called the Bernoulli

polynomials.

Definition 1.3.1. Let {y,(t)} be a sequence of (possibly constant) functions.
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(a) If there is a function g(t, x) so that

or all x in an open interval about gero, then g is called the "generating function" for
D g g g

(b) If there is a function h(t, z) so that

o

h(t,z) = Z yk(]il)xk

k=0

for all x in an open interval about zero, then h is called the "exponential generating

function" for {yx(t)}.

Note that for each ¢,y (t) is the k™ coefficient in the power series for g(t,r) with

respect to x at x = 0.

Example 1.3.2. Let y,(t) = (f(t))* for some function f(t). Then

gltr) = S(F)at

o0

= > (f(H2)

k=0
1 .
= T e if [f(t)x] < 1.

== fl(t)x is the generating function for the sequence {y(t)}.

Next,

f(t) _ - ) kxkfl

So, (1_90,{((5))95)2 is the generating function for the sequence {k(f(t))*}.

Definition 1.3.3. The "Bernoulli polynomials" By(t) are defined by the equation

rel® = Bi(t) ,
ex—l—kz:; K

In other words, :ff“l is the exponential generating function for the sequence By(t).
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Definition 1.3.4. The "Bernoulli numbers" By, are given by By, = By(0), the value of the

k™" Bernoulli polynomial at t = 0.

Remark 1.3.5. Compute the first four Bernoulli numbers.

Consider

ﬂ
P%

k=0

Then expanding the exponential functions on each side in their Taylor series about

zero and collecting terms containing the same power of x, we get

t2$2 t33
1+t$+7+T+

x  x? By (t) Bs(t)
:(1+5+§+«~> (Bo(t)—l— T T+ T —i—)

T or T om T3l

Equating coefficients of like powers of =, we have

Bo(t) =1, By(t)+ 20 =y B0 B0 5@ 2

= By(t) + <Bl—() Bo_(t)) z+ <BQ<t) X By (t) . By(t)

Thus, the first few Bernoulli polynomials are given by

1
By(t) =1, Bl(t):t_§a By(t) =t* —t + —,
3 1
Bs(t) =t — —t* + —t,---
Then, the first four Bernoulli numbers are given by
By = By(0) =1,
—1
By = Bi(0) = .
1
By = By(0) = 3
Bs = B3(0) = 0.
1 1
By=1, By =-=, By=-, B3=0
0 ) 1 27 2 67 3

(1.6)

(1.7)



Theorem 1.3.6. (Properties of Bernoulli polynomials)
(a) B, (t) = kBr_1(t), (k>1).
(b) ApBi(t) = kth=1 (k> 0).
(©) Br = Bi(0) = Bi(1), (k#1).
() Boppi1 =0, (m>1).

Proof. (a) We know that

ze” = Bi(t) ,
=
k=0

er —

Differentiating with respect to t on both sides, we get

z’et” G Bllc(t) k
— et —1 ; k! v
— Bi(t) 4 — Bi(t) 4
x( k! x) = > K
k=0 k=0
- Bk‘(t> k+1 G Bl/c(t) k
k! o Z k! L
k=0 k=0

Now, making the change of index ¥ — k — 1 in the left-hand sum, we get

. By_1(t =, B (t
(k—l))! =2 kkg)xk

k=1 k=0

Equating the coefficients of 2%, we get

Bia(t) _ Bit)
(k—1)! k!
— B (t) = kByp_1(t), k> 1.

(b) Consider
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Next, taking the difference of both sides, we get

G AtBk<t> k. _ T tx
Z k! o ex—lAte

k=0

Equating the coefficients, we get

ABi(t)
k! (k1)
— AB(t) = kt*7' k>0.

(¢) Consider

ABy(t) = kt"!

Putting t = 0, we get
Bi(1) — B(0) = 0.

Corollary 1.3.7. If k =0,1,2,---, then

D th= " -Bra(t) + C(1),

where AC(t) = 0.
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Proof. We know that

ABr(t) = kt* ' k>0
— Y k"' = By(t) + C(t), where AC(t) =0
= ) k+1t" = Bia(t)+C(t)

1
E ko _
— th = k+1Bk+1<t>+C(t)

]

Theorem 1.3.8. (Euler summation formula) Suppose that the 2m'" derivative of

y(t),y ™ (t), is continuous on [1, n] for some integers m > 1 and n > 2. Then

m

;y(kj) — /1ny(t)dt + M + ZZI (S;)Zl [y(%_l)(n) _ y(2i—1)(1>]

1

e / " @ (1) By (1 — |2,

where |t| = the greatest integer less than or equal to t (called the "floor function" or

the "greatest integer function").

Proof. We know that

Bu(t) =t — %

Then,

Bi(t—[t]) =t — |t] - %
For each k,
k+1 k+1
[ me-vor = [ (1= 10-3) v

_ /k (t . %) y (t)dt
= <t — k- %) y(t) ) - /k y(t)dt
_ y(k; b, ygk) —/k y(t)dt
ylk+ 1;—|—y(k) _/k St

That is,

k+1 k+1
/k Byt — |ty (1)t = YEF 1; (k) —/k y()dt. (1.8)



Similarly, for i =1,2,...,2m — 1,

k41 k+1
/ Bt — 1))y (t)dt = / Bi(t — k) (t)dt

k+1 k+1
= 4O B,-+.1(t — k)T / Bi+}(t - k)y(iJrl) (t)dt
7+ ]. k k 7+ ]_
By (i) 1 i (i+1) (¢
= z'—i—l{ (k+1) B (t — [t])y" T (t)dt. (1.9)

Summing equation (1.8) as k goes from 1 to n — 1, we have

[ s 1woa - YL

(\]
(\]

—~
—_
~—

= y—+y(2)+y(3)+...+y(n—1)
n)

2
% - /lny(t)dt
_ (;y(k)> - (M) —/1ny(t)dt. (1.10)

Summing equation (1.9) as k goes from 1 to n — 1, we have

+

[ B O 0a = FES 000 000 - iy [ Bt e
= P[0~ (1) + 403 — @)+ 4y m) — O 1)
1

v+ 1
- % [y(i)(n) _ y(i)(l)} _

1+ 1

/1 "Bt — [ty (1)dt

1 n
_ (i+1)
i+1/1 B (t— [t)y" P ()dt.  (1.11)
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Now from (1.10),

Hence the proof.

1

Example 1.3.9. Approximate > _, k=.

Put y(t) = ¢tz and m = 1 in the Euler summation formula. Then,

n n /2 4 q B 1 n
S = [ T S ) -y (] - g [ OBl - )
— 1 . J1

(by (L.11))

" Y241 11 1L ("1
S LY — | Zn 2212 ——/ ~ 24732 By(t — [t])dt
/1 HEEC T PU Pl=5) (73 2t = 1t])

— §n§+%/2+%+in2l —iﬂLé/lnt;Bz(t— [2])dt
= Zd e lnb oo 2l / "SR 1 — 1))
Now,
By(z) = 2% — o + é — Bj(x) =22 —1 and Bj(z) = 2.
Then,

= By(z) has a minimum value at x = 1/2, and
1\ _ 1 1 _ -1
B(3)=i-3+t5 =7

-1

c.min By(z) = 5.
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for0 <z <1.

Since, 0 <t —[t] <1 Vt, we have

1 (" 1 1 ("
A - dt<—/ 32 B, (t — [t])dt <
[ (G)aesg [ - 1

n

ool —
-
w
~
no
Yy
—_
Ay
(@)
SN—
QL
~

1

1 (™ 1 [ 1 [
= t—5/2dt<—/ 328yt — [tDdt < — [ t732dt
96/1 8/, (t=[#]) 48 J,
1 w1 [ 1
[V < = | 2Byt — [ tdt < — [—2t71/2
+—gg (2Pl < g [ Bt = ar < g [0
1 IR I Sy LY 1 12
=g ll-n /]gg/lt /Bz(t—LtJ)dtgﬁ[l—n 1.
Thus, by (1.12), we have
2 3/2 1 1/2 1 —1/2 3 1 —1/2
Z Z _ N
37 Tt Tt st
- 2 1 1 5 1
< B2 < Zp3/2 L 212 o -2 2 (L2
—; S g g o1 T (1—n77)
N 2%+1%+17% 11<"k%<2%+1% 1
-n -n —n 2 - — -n —n2 — —.
3 2 16 48 =3 2 6

Let Us Sum Up:

In this section, we have discussed the following concepts:

1. Generating functions

2. Bernoulli polynomials and Bernoulli numbers

3. Properties of Bernoulli polynomials

4. Euler summation formula

Check your Progress:

1. B/(t) = ————2?
(A) kBj_4(t), (k>1) (B) Br_1(t), (k>1)
(©) (k—1)Bk(t), (k>1) (D) None of these

2. Which of the following is not correct?
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(A) By=1 (B) B, =1/6 (C) B; =0 (D) By = —1/2
3. Form > 1, B2m+1 = ?

(A) 1 (B) —1 @o (D) —1/2

Unit Summary:

In this unit, the definition and properties of difference operator and its inverse op-
erator are provided. Also, Euler summation formula and its application are discussed.
By studying these concepts, one can observe the differences and similarities between

the difference and the differential calculus.

Glossary:
e A -The difference operator
o A™y(t) -The nth order difference of y(t)
e K -The shift operator
o | -The identity operator
° (- -The “falling factorial power” (read “t to the r falling")
> y(t) - An “indefinite sum" (or “antidifference") of y(t)
* By(t) - Bernoulli polynomial
* By - Bernoulli number
e ] - "floor function" or the "greatest integer function"

Self-Assessment Questions:

1. Show that A and E commute-that is, AEy(t) = EAy(t) for all y(t).

2. Derive the formula

Alz(t)y(t)=(1)] = Ax(t) Ey(t) Bz (t) + () Ay (t) E=(t) + 2 ()y(t) Az()
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Write down five other formulas of this type.
3.Show that

(a) Aa' = (a — 1)a’ if a is a constant.

(b) Ae = (e — 1) e if ¢ is a constant.
4. Show that

(@) > cosat = % +C(t) (a#2nm).

) > (7)) = (¢7]) + C(t), where AC(t) = 0.
5. Let z, = >_ y,,. Show that

n—1
k=m

6. Prove that fol By(t)dt = 0 for k > 1.

Exercises:

1. Compute A (3! cost) by two methods:
(a) Using Theorem 1.1.5.(d) and Theorem 1.1.6.(a) and (c).
(b) Directly from the definition of A.

2. Compute A"t3 and A"t3 forn =1,2,3,---.

3. Find a solution of each of the following difference equations.
@uyt+1)—yt) =2+ 3.
() y(t +2) = 2y(t + 1) +y(1) = (5)-

4. Use summation by parts to compute »  ¢sint.

5. Compute

1
Z (k+1)(k+2)(k+3)

8
k=1

. : 400 ;1

6. Give an estimate for >, ~ k2.

Answers for Check your Progress:

Section 1.1 1. (B) 2. (B) 3. (A)
Section 1.2 1. (O 2. (B) 3. (A)
Section 1.3 1. (A) 2. (D) 3. (O)
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Unit 2

Linear Difference Equations

Objectives:

This unit deals with the basic theory for linear difference equations and the method

of solving them.

2.1 First Order Equations

Let p(t) and r(t) be given functions with p(t) # 0 for all ¢. The first order linear

difference equation is
y(t+1) — p(t)y(t) = r(t). 2.1

Equation (2.1)) is said to be of first order because it involves the values of y at ¢t and
t + 1 only, as in the first order difference operator Ay(t) = y(t + 1) — y(¥).
If p(t) = 1 for all ¢, then Eq. (2.1)) is simply

and its solution is

where AC(t) = 0.

Theorem 2.1.1. Let p(t) # 0 and r(t) be given for t = a,a+ 1,---. Then

(a) The solutions of the homogeneous equation

u(t+1) = p(t)u(t) for t=a,a+1,--- (2.2)
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are

u(t) :u(a)ﬁp(s), (t=a+1,a4+2,---).

(b) All solutions of are given by

()= ult) | i+ €]

where C'is a constant and u(t) is any nonzero function from part (a).

Proof. (a) From the "homogeneous" equation (2.2
u(t+1) = p(t)u(t) for t=a,a+1,---,
we have

u(a+1) = p(a)u(a)

u(a+2) = pla+ 1)p(a)u(a)

n—1

u(a+n) = u(a) [ pla+ k).

k=0

Thus, we can write the solution as

ut) = (@) [[p(s) (t=aat1,--)

where it is understood that HZ:L p(s) = 1 and, for t > a + 1, the product is taken
overa,a+1,---,t—1.

(b) Putting y(t) = u(t)v(t) in equation (2.1)), we get

u(t+ Dot + 1) — p(t)u(t)v(t) = r(t)
= u(t+ 1ot +1) —u(t+ 1)v(t) =r(t)

— Au(t) =
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Thus, the solution of (2.1) is

where C' is an arbitrary constant and u(t) is any nontrivial solution of equation (2.2)).

]

Remark 2.1.2. The method we used to solve (2.1) is a special case of the method of

"variation of parameters".

Example 2.1.3. Find the solution y(t) of

y(t+1) —ty(t) =yt + 1), (t=12,---),
so that y(1) = 5.

By the previous theorem, the solution of the homogenous equation u(t+1) —tu(t) = 0

is given by

We can take u(1)=1.

Then, the solution of the non-homogenous equation is given by

y(t) = ( E( )
= (t—1)! Z( i 1! +C]

= - (t+1)+C|.

We know that Y t* = 5 Biy(t) + C(t), where AC(t) =
Then

By(t+1)

5 +C.

y(t) = (t — 1)

Using Bs(t) = t* —t + £, we have
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D=

HEt+1)+

y(t) = (t— 1) +C

= (H;!) G 121!) +CO(t—1)!

I () V]

To find D, taket = 1.
Then
yt)=5=1+D=5= D=4,

Thus, the solution of the given non-homogeneous equation is

y(t) = (HTl)!H(t—l)!, (t=1,2,---).

Example 2.1.4. Suppose we deposit $2000 at the beginning of each year in an IRA that
pays an annual interest rate of 8%. How much will we have in the IRA at the end of the
tth year?

Let y(t) be the amount of money in the IRA at the end of the t'" year. Then

y(t+1) = y(t) + (y(t) +2000)(0.08) + 2000

= 1.08y(t) + 2160.

A solution of the homogeneous equation u(t + 1) = 1.08u(t) is u(t) = (1.08)". Then

y(t) = (1.08) Z%ﬂ)

r t
= (1.08)" 2160 (L) +C

1.08 1.08
We know that > a' = a“Ttl
Then
2160 [ (135)"
t) = (1.08) L0 C
yit) =« )[1.08<ﬁ—1 *

= —27000 + C(1.08)".
Since y(0) = 0, we have C' = 27,000, so that
y(t) = 27000[(1.08)" — 1].
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For example, at the end of twenty years, we would have

y(20) = 27,000[(1.08)* —1]

Q

$98, 845.84.
Example 2.1.5. Find the solution y(t) of

sothaty(l)=1—e.

First, note that the solutions of u(t + 1) — tu(t) = 0 are

We know that 3"y, = S yi + C. Then

y(t) = (t —1)! [Z%+c .

k=1

To evaluate C, let t = 1. Then, we get

y(1) = (1-1! [Z%

=(C = 1-—e

Therefore, the exact solution is given by

y(t) = (t — 1)! [1—e+ ; %]

k=1
Alternate Method I

Now, consider

and

(2.3)

2.4)



Let us solve the above equation (2.3]) and (2.4)) for t in a discrete or continuous domain.
For simplicity, we assume p(t) > 0.

Applying the natural logarithm to both sides of equation (2.4), we get

log |u(t +1)] = log[u(t)] +logp(t),
— Alog |u(t)] = logp(t),
— loglu(t)] = > logp(t) + D(t),
where AD(t) = 0.
Then
lu(t)] = ePBeXlosp(t)

= u(t) = C(t)ezlogp(t)7

where AC(t) = 0.

Once u(t) is found, the solution y(t) of equation (2.3]) can be computed using
Theorem [2.1.1|(b) with the constant C replaced by an arbitrary function C(t) so that
AC(t) = 0.

Example 2.1.6. Solve the equation

(t—r)({t—re) - (t—ry)

u(t+1) =) (t—52) - (t — 5m)

u(t),

where a, 1,79, ,Tp, S1, 82, , S, Are constants.

Assume that all factors in the preceding expression are positive. Then

(t—r)({t—rg)--(t—ry)
(t—s1)(t —s2) - (t — sm)

u(t+1)=a u(t).

Taking log on both sides, we get

log(u(t+1)) = log a(t—sl)(t—32)"'(t_8m)

[ (t—=r)(t—ro) - (E— 1) U@)}

— log(u(t+1)) = log _a ((f:;l;((;:;;) _' _' '~ ((;j: ;’;))
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— log(ult +1)) ~logult) = log [o L TN T o)

— Alogu(t) = log &((f—_;?))((;:;j))g:;:}) )

The solution is

e

where D(t) = 0.
Then

logu(t) = Z [loga +log(t — 1) + -+ log(t — 1) — log(t — s1) — - -
—log(t — sm)] + D(t)

— U(t) _ GD(t)BZ [log zz—i—log(t—m)+-~-+log(t—'rn)—log(t—sl)—~--—10g(t—sm)] ‘

We know that > logt = log I'(t) + C(t).
Then

U(t) _ O(t)e[tloga+logF(t77’1)+---+10gF(tfrn)fl’log(tfsl)f---fl’log(tfsm)}

J—mr)---T(t—ry)

= u(t) = C(t)a T(t—s1)- Tt — sm)

where AC(t) = 0.

By direct substitution, we can show that this expression for u(t) = 0 solves the
difference equation for all values of t where the various gamma functions are defined.
We can conclude that equation (2.2)) is solvable in terms of gamma functions if p(t) is a

rational function.

Example 2.1.7. Consider

t
t+1) = — u(t).
Wt ) = gy )
The coefficient function factors as follows:
t ) 1 t
202+ 3t +1 2(t+1)(t+1)
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.. By Example we have

u(t) = c)(3) T+ D0+ 1)

Alternate Method I1

Let’s rewrite equation (2.1)) in the fractional form

() Fy(t+1)
y(t) = (0) - (2.5)

Then
—r(t+1)+y(t+2)
t+1) = ) 2.6
y( ) o) (2.6)
Substituting (2.6) in (2.5), we get

—r(t+1)+y(t+2)
O+ e

p(t)
Continuing in this way, we obtain the continued fraction

Cr(t42) 4 rH3)

—r(t+1)+ e
gty = 207 S
p(t)
If we formally divide out the continued fraction, we arrive at the infinite series
—r(t)  —rt+1)
t) = cee
OO
or
= —r(t+k)
t) = . 2.7)
P s

k=0
When this series converges, its sum must be a solution of equation (2.1).

Example 2.1.8. Consider the equation
y(t+1) — ty(t) = —3".

By equation (2.7), we have
0 3t+k:

y(t):;t(tﬂ) t+ 5 23%*

a “factorial series.” The ratio test shows that this converges for all t # 0,—1,—-2,--+, so

the series represents one solution of the difference equation.
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Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Solution of first order homogeneous equations

2. Solution of first order nonhomogeneous equations

Check your Progress:

1. A solution of the first order linear difference equation Ay(t) = r(t) is .......... ?
A) yit)=rt) @ ylt)=>_rt) (C) > y(t)=r(t) (D) None of these
t—1

2. u(t) = u(a) [[,_, p(s) is a solution of the equation ...........

(A) u(t) =pt)u(t+1) (B) u(t+ 1) = p(t)u(t)

Q) u(t+a) =p(t) (D) None of these
3. If Alog|u(t)| = log p(t), then
(A) log|u(t)| = log p(t) (B) logu(t + 1) = > logp(t)

(C) log|u(t)| = > logp(t) (D) None of these

2.2 General Results for Linear Equations
The linear equation of the n™ order is

Pa()y(t+mn) + -+ po(t)y(t) = r(t), (2.8)

where py(t),- -+ ,p,(t) and r(t) are assumed to be known and py(t) # 0,p,(t) # 0 for
all ¢. If r(t) # 0, we say that (2.8) is "nonhomogeneous." As in last section, we will

study (2.8) in association with the corresponding homogeneous equation
po(t)u(t +n) + -+ po(t)u(t) = 0. 2.9
Note that can also be written using the shift operator as

(Pu(O)E™ + -+ + po(t) E®) y(t) = r(t),
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where E° = [. Since £ = A + I, it is also possible to write in terms of
the difference operator. However, the following example shows that the order of the

equation is not apparent in that case.
Example 2.2.1. What is the order of the equation
APy(t) + 3A%(t) + Ay(t) — y(t) = r(t)?
Put A = E — I and expand the power of A:

= (B D)%) +3(E - 1)*y(t) + (B — Dy(t) —y(t) = r(t)

= (E° =3E*+3E—1I)y(t)+ 3 (E* = 2E+ 1) y(t)

or
y(t+3) —2y(t+1) =r(t).
.. The order of the given difference equation is
(t+3)—(t+1)=2.

Theorem 2.2.2. Assume that py(t),--- ,p,(t), and r(t) are defined for t = a,a+ 1,---
and po(t) # 0,pn(t) # 0 for all t. Then for any ty in {a,a + 1,---} and any num-
bers yo, -+ ,y,_1, there is exactly one y(t) that satisfies fort =a,a+1,--- and
y(to+k)=ypfork=0,--- ,n—1

Proof. The proof follows from iteration. For example,

7 (to) = Pn1 (t0) Yn—1 — - — po (to) Yo
Pn (tO)

since p, (to) # 0. Similarly, we can solve (2.8) for y(t) when ¢ > ¢, 4 n in terms of

y(to+n) =

the n preceding values of y. Since py(t) is never 0 , we can also solve for y(¢) when

t < . ]
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Theorem 2.2.3. (a) If uy(t) and us(t) solve , then so does C'uy (t) + Dus(t) for any
constants C and D.

(b) If u(t) solves (2.9) and y(t) solves (2.8)) , then u(t) + y(t) solves (2.8) .

(0) If y1(t) and y,(t) solve , then y,(t) — yo(t) solves (2.9) .

Proof. (a) By our assumption, we have
Pn()u(t+n)+ -+ po(t)ur(t) =0 (2.10)
and

Pn(t)us(t +n) + pp_qus(t +n —1) + - + po(t)usz(t) = 0. (2.11)

Multiply equation (2.10) by the constant C' to obtain

C (pn(t)ur(t +n) + -+ + po(H)ua(t)) = 0.

Multiply equation (2.11)) by the constant D to obtain
D (pn(t)us(t + n) + - -+ + po(t)ua(t)) = 0.
Adding the above two equations, we have

Cpn(t)ur(t +n) + -+ + Cpo(t)ur(t) + Dp,(t)us(t +n) +

-4+ Dpo(t)us(t) = 0
= pn(t) (Cur(t +n) + Dua(t +n)) + -+ +po(t) (Cur(t) + Dus(t)) = 0.
This can be rewritten as
pa(t)u(t +n) + -+ po(t)u(t) =0, (2.12)
where u(t) = Cuy(t) + Dus(t).
That is, C'u(t) + Dus(t) satisfies equation (2.12]

.. Cuy(t) + Dus(t) is a solution of equation (2.12)).
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(b) By our assumption, we have
pu(B)u(t +n) + -+ po(t)u(t) =0
and
Pa(@)y(t +n) + -+ po(t)y(t) = r(t).
Adding the above two equations, we get

Pa(t)u(t +n) + -+ po(t)u(t) +pa()y(t + 1) + -+ po(t)y(t) = r(t)

= pu(t) (u(t +n) +y(t+n))+ - +po(t) (u(t) +yt) = r(t).

This can be rewritten as

()Y (t+n)+ -+ po(t)Y () = r(t), (2.13)
where Y (t) = u(t)y(t).
That is, u(t)y(t) satisfies equation (2.13]).
. u(t)y(t) is a solution of equation (2.13).
(c) By our assumption, we have

Pa(O)yr(t+n) + -+ po(t)yu(t) = r(t)
and

Pa()y2(t +n) + -+ + po(t)ya(t) = r(1).
Subtracting the above two equations, we get

Pu(t) (W1t +n) — ot + 1)) + -+ po(t) (11(2) — 12(t)) = 0.
This can be rewritten as
Pn(O)u(t +n) + -+ po(t)u(t) =0, (2.14)

where u(t) = y1(t) — ya(t).
That is y; (t) — yo(t) satisfies equation (2.14).

. y1(t) — y2(t) is a solution of equation (2.14)).
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Corollary 2.2.4. If z(t) is a solution of (2.8)), then every solution y(t) of takes the

form
y(t) = =(t) + u(t),
where u(t) is some solution of Eq. (2.9).
Proof. This is just a restatement of Theorem [2.2.3] (¢). ]

Remark 2.2.5. As a result of Corollary (2.2.4) the problem of finding all solutions of Eq.
(2.8) reduces to two smaller problems:

(a) Find all solutions of Eq. (2.9).

(b) Find one solution of Eq. (2.8)).

This simplification is identical to that for linear differential equations. To analyze

the first problem, we need some definitions.

Definition 2.2.6. The set of functions {u;(t),- - ,u,(t)} is "linearly dependent" on the

sett=a,a+1,--- if there are constants C1, - - - ,C,,, not all zero, so that

Cruy (t) + Cous(t) + - - - + Crum(t) =0
fort=a,a+1,---. Otherwise, the set is said to be "linearly independent."

Example 2.2.7. Show that the functions 2, 2! and t?2! are linearly independent on every
sett=a,a+1,...,.
Suppose that there are constants Cy, Cy, C3 such that
Ci2t + Cot2! + Cst?2 = 0, t=a,a+1,---
=01+ 0ot +Cst> = 0, t=a,a+1,---
This is possible only if C, = Cy = C3 = 0.
Therefore, 2',t2! t?2tare linearly Independent on {a,a +1,...}.

Example 2.2.8. Show that the functions u;(t) = 2,us(t) = 1 + cosnt are linearly inde-
pendent on the set t = 1,2,3,. ...
Suppose that
C’lul (t) + Cgul(t) =0
= 201+ Cy(14cosmt) = 0

= 201+ Cy + Cycosnit = 0, t=1,2,3,....
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Whent=1, 2C,=0,= C;=0.
Whent:2, 201—|—202:0,:>ng0

.. uy and uy are linearly independent on{1,2,3,...}.

Example 2.2.9. Suppose that u,(t) = 2,us(t) = 1 + cosnt are linearly dependent on

(35

Note that

ur(t) — 2uq(t) = 2—2(1+4 cosmt)

=0
_ 135
fort_ 2992799
= u(t) =2us(t) for t=33...
. uy and us-are linearly dependent on {1,3,....}.

Definition 2.2.10. The matrix of Casorati is given by

uy (t) ug(t) - un (t)
Wit = Uy (t.—I— 1) u2(t.—|— 1) : un(t.—i- 1) |
ul(t+.n—1) un(t—l—.n—l)
where uy, - -+ ,u, are given functions. The determinant

w(t) = det W(t)
is called the "Casoratian."

It is easy to check that the Casoratian satisfies the equation

uy (1) us(t) - U (1)
w(t) = det Au:l (1) Au:g(t) -. Au:l(t) (2.15)
ALy (8) e e ARy (1)

Theorem 2.2.11. Let u(t),- - -, u,(t) be solutions of [2.9) fort = a,a+ 1,---. Then the
following statements are equivalent:

(a) The set {uy(t),- - ,u,(t)} is linearly dependent fort = a,a +1,---.

(b) w(t) = 0 for some t.

(c) w(t) =0 forall t.
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Proof. First suppose that uy(t), us(t),- - - ,u,(t) are linearly dependent. Then there are

constants Cy, Cs, - -+, C,,, not all zero, so that
Clul(t) + CQUQ(t) + -+ Cnun(t) = O,

Crui(t+1) + Coug(t + 1) + - -+ + Cru,(t + 1) = 0,

Crug(t+n—1)+ Cous(t +n—1)+ -+ Crun(t +n—1) =0,

fort=a,a+1,---.
Since this homogeneous system has a nontrivial solution C;,Cy,--- , C,, the determi-
nant of the matrix of coefficients w(¢) is zero for t = a,a + 1, - -.

Conversely, suppose that w (tg) = 0. Then there are constants Cy,Cy, -- - , C,,, not

all zero, so that
C’lul (t()) + CQ’UQ (to) + -+ Cnun (to) = 0,

C’lul (to -+ 1) +Cgu2 (to+ 1) + - +Cnun (to -+ 1) = O,

Let
u(t) = Crug(t) + Coua(t) + - - - + Cruy,(t).

Then u is a solution of Eq. (2.9) and
ulto) =ulto+1)=-=u(tg+n—1)=0.

It follows immediately from Theorem that u(t) = 0 for all ¢, hence the set

{uy,us, -+ ,u,} is linearly dependent. H

The importance of the linear independence of solutions to (2.9) is a consequence

of the next theorem.

Theorem 2.2.12. If uy(t),- - ,u,(t) are independent solutions of (2.9), then every solu-
tion u(t) of can be written in the form

u(t) = Chus(t) + - - + Chuy(t)

for some constants C1, - - - , C,,.
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Proof. Let u(t) be a solution of (2.9). Since w(t) # 0 for ¢t = a,a + 1, - - -, the system of

equations
Ciui(a) + -+ -+ Crup(a) = u(a),
Cius(a+n—1)4+---+Chup(a+n—1)=ula+n—1)
has a unique solution C1, - - - , C,,. Recall that a solution of (2.9) is uniquely determined
by its values att = a,a+1,--- ,a +n — 1, so we must have
u(t) = Cﬂjq(t) + -+ C’nun(t),
for all ¢. o

Example 2.2.13. The equation
w(t +3) —6u(t+2)+ 1lu(t +1) — 6u(t) =0

has solutions 2¢, 3!, 1 for all values of t. Their Casoratian is from Eq. (2.15)

2t 3t 1
w(t) =det | 28 2.3t 0 | =23,
2t 4.3 0
which does not vanish. Consequently, the set {2',3" 1} is linearly independent, and all

solutions of the equation have the form
U(t) = 01275 —|— Cg3t + 03.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. n'" order initial value problem
2. Linearly independent solutions
3. Matrix of Casorati

4. Role of Casoratian
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Check your Progress:
1. What is the order of the equation A®y(t) + A%y(t) — Ay(t) — y(t) = 07
(A) 0 B)1 2 (D) 3
2. The operator form of the difference equation y(t + 2) — 7y(t + 1) + 6y(t) =t is
A (E-1)(E-6)yt) =t B)(E+1)(E+6)yt) =t
(@ (E+1)(E-06)y(t) =t (D) (E—1)(E+6)y(t) =t
3. The Casoratian of the functions 2¢, 3¢, 1 is

(A) 2t3t+1 (B) 2t3t (C) 2t23t (D) 2t+13t

2.3 Solving Linear Equations

In this section, we are going to find the n linearly independent solutions of the homo-
geneous equations p,u(t+n)+p,_ju(t+n—1)+---+pou(t) = 0, where po, p1, ..., pn-1
are constants.

Since p, # 0, we can divide the above equation by p, are relabel the resulting

equation to obtain.
u(t+n)+puqu(t+n—1)+---+pou(t) =0, (2.16)
where pg, p1, ..., p,_1 are constants and pg # 0.

Definition 2.3.1. (a) The polynomial A" + p,_\"" ' +- - -+ py is called the "character-
istic polynomial" for (2.16)).
(b) The equation \" + - - - + po = 0 is the "characteristic equation" for (2.16)).

(c) The solutions Ay, - - - , A\, of the characteristic equation are the "characteristic roots.

Theorem 2.3.2. Suppose that has characteristic roots Ay, - - - , \, with multiplici-
ties oy, - - - , oy, respectively. Then has the n independent solutions

t a1—11\t t as—11\t t ar—11yt
Al’...’t )\1,)\2,...,t )\27'.‘7)\]67‘..725 )\k
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Proof. Consider u(t +n) + p,—u(t+n— 1)+ --- + pou(t) = 0.

Using shift operator E, it can be written as

(E" 4+ ppa B 4+ po) u(t) = 0.

(i.€) (B — AD)™ (B — o)™ ... (E— M) u(t) = 0.

Since p, # 0, each characteristic root is non-zero.

Let us solve the equation
(E — M) u(t) = 0.
. Ifap =1, then becomes
(E—X)u(t) = 0.
(t.e)u(t+1) — Mu(t) = 0.

It’s solution is u(t) = A}, if u(1) = \;.
If a; > 1, let u(t) = Mo(¢) in (2.18).

Then (E — A\)™ Mo(t) = al( )(—Al)al—iEix;v(t)

= 3 () s B

«aq
a1+t ai a1—1 1t
= 1) E(t
4y () mEa
= AT (E - 1D)*(t)
= ATTAY (1)
= 0 if w(t)=1,t% ...t
Thus (2.16) has «; solutions of the form A, tA} £2\L ... =)L,
Example 2.3.3. Find all the solutions of
u(t+3) — Tu(t +2) + 16u(t +1) — 12u(t) =0, t =a,a+1,....
The characterise equation is
AP —TA% + 161 — 12 = 0.
(A—2)*(A=3) =0.
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.. The three independent solutions of (2.19) are
ul(t) = Qta u2(t) = t2t7 U3(t> = 3t'

Let’s verify independence:

2t 2 3t
w(t)y=| 241 (t+1)201 3
2t +2 (t+2)2t2 3i+2
1 t 1
=213t 2 2(t+1) 3
4 4(t+2) 9

= 2%3' (18t + 18 — 12t — 24) — t(18 — 12) + (8t + 16 — 8¢ — 8)

=2%3"{b” —b— 6b + 8}

— 22t+1 3t

w(t) # 0.

.. The general solutions of the difference equation is

'Lb(t) = 012t -+ C2t2t —+ ngt, where Cl, C2 and Cg

are arbitrary constants.
Example 2.3.4. Find independent real solutions of
u(t +2) —2u(t+ 1) + 4u(t) = 0.

The characteristic equation is \* — 2\ + 4 = 0.

C2+£VA—16 24012
- 5 -

A
— 2

= A=1£4V3
— A =re* =r(cosf £ isinf) = 2 <cos%:|:ising>
S =21 (cos Tt +isin zt) :
3 3

.. The two real solutions are

up(t) = 2" cos gt, uy(t) = 2" sin gt.
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t t o
Now, w(t) — ‘ 2" cos %t 2 sm%t ‘

2 cos Z(t+1) 2WsinZ(t+1)
= 2%+l [sin g(t + 1) cos %t — oS g(t +1)sin gt]
— 92Hlgy [%(t +1)— zt}

3
92t+1 \/_§

- #0.

.. uy and uy are the independent real solutions of (2.20)).

Annihilator Method:

The general non-homogeneous equation with constant coefficients.
y(t+n)+poy(t+n—1)+ ...+ poy(t) = r(t)

can be solved by "annihilator method" if (¢) is a solution of some homogenous equa-

tion with constant coefficient.

Theorem 2.3.5. (Annihilator Method) Suppose that y (t) solves,
Yt +n) 4+ pary(t +n—1) + ...+ poy(t) = r(t) (2.21)
and that r(t) satisfies
(E™ + qm1 E™ '+ +qo) r(t) = 0.
Then y(t) satisfies
(E™ 4+ gmaE™ 4+ o) (B"+ ...+ po) y(t) = 0.
(Here, E™ + g1 E™ ! 4 - - - 4 qo is called the annihilator.)

Proof. Using the shift operator E, (2.21)) can be written as
(E" +pna E" Voo 4pa) y(t) = r(t).

Applying (E™ + ¢, _1E™ ' + - -+ + qo) on both sides, we get

(E™+ g1 B 4 o) (B4 ppai B 44 p0) y(t) = (E™ + g E™ '+

Hence, the theorem. O
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Example 2.3.6. Solve y(t +2) — Ty(t + 1) + 6y(t) = t.
The given difference equation can be written as
(E*=TE+6)y(t) = ¢t

= (E-1)(EF—-06)y(t) = t.
Now, t satisfies the homogeneous equation
(E—1)*=A*=0.

Here, E — 1)? is the annihilator.
Then, by the previous theorem, y(t) satisfies
(B~ 1)2(E — 1)(E ~ 6)y(t) = 0.
— (E - 1)*(E - 6)y(t) = 0.
Sy(t) = C16" + Cy + Cst + Oyt

Substitute the value of y(t) in the given difference equation. Then

C16"2 + Cy + c3(t + 2) + Cu(t + 2)* — 7C16" — 7C,
—TC05(t + 1) — TC4(t + 1)* + 6C16" + 6Cy + 605t + 6C > =1t
= (612 — 76! 4 61Y) — 505 4 (=10t — 3)Cy =t
= 6016 — 7T+ 1] — 5C5 + (=10t — 3)C; =t

= —10Cyt 4 (—5C5 — 3Cy) =t.

Equating the coefficients of t, we get

—1
= 04 = E
Also, equating the constants, we get
—5C3—-3C, = 0
-3
= 503 = 1—0
3
=03 = —.
’ 50
Thus,
(£) = Ci6' + Cy + ot — L2
A =T HS T

61



Example 2.3.7.
Solve Ay(t) = 3'sin gt, (t=a,a+1,---). (2.22)
The given difference equation can be written as

(E —1)y(t) = 3'sin gt.

Now, 3'sin 5t must satisfy an equation with complex roots.

The polar coordinates of 3'sin 5t, 3" cos 5t are r = 3 and 6 = £7.

—> 3'sin It satisfies the homogeneous equation

(E — 3i)(E + 3i)3" sin gt = 0.
— E?+9)3'sin ~t = 0.
( + ) sin 2

Thus y(t) satisfies

(E*+9) (B —1)y(t) = 0.
.. The general solution is given by
y(t) = Oy + Cy3'sin gt + (33! cos gt.
Substituting this expression for y(t) in equation ([2.22]), we get

Cy + Cy3"™ sin g(t +1) + C33" cos g(t +1) — C; — (3 sin gt — (33" cos gt = 3'sin gt

= (3¢ (3 sin gt cos g + 3 cos zt sin T sin zt)

2 2 2
+C33" (3 cos gt cos g — 3sin g + sin g — COoS gt) = 3'sinm /2t
= (53! (3 Ccos gt — sin gt) + C’33t (—3 sin gt —cosm = 3'sin gt

= (—C'QSt — 3033t) sin gt + (3023t - C’33t) CoS gt = 3'sin gt.
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Equating the like terms, we have

—Cy —3C5 =1,
and 302 — 03 = 0.
-3 1
— Cg—l—oanng——E.
307 s
Thus, y(t) = C, — 10 (sm Et + 3 cos §t) ,

where C is arbitrary.

Method of solving system of Linear Difference Equations

Consider the system of linear difference equations
L(E)y(t) + M(E)=(t) = r(t)
P(E)y(t) + Q(E)z(t) = s(t),
where y(t) and z(¢) are the unknowns and L, M, P and () are polynomials. Apply Q(E)

to the first equation and M (FE) to the second equation and then subtract to obtain

This is a linear equation with constant coefficients. From the we can find y(¢) and then
by substituting the expression for y(¢) in any one of the original equations, we get z().
Example 2.3.8. Solve the system

y(t+2) = 3y(t) + 2(t+1) — 2(t) = 5

y(t+1) = 3y(t) + z(t +1) — 32(t) = 2.5".

The given system of equations can be written as

(B =3)y(t)+ (E—1)z(t) = 5 (2.23a)
(E—-3)yt)+(E—-3) z(t) = 25" (2.23b)

Applying (E — 3) to the 1t equation and (E — 1) s to the 2" equation, we get
(E? = 3) (B =3)y(t) + (t = 3)(E — 1)z(t) = (E — 3)5'
(E—1)(E=3)yt)+ (E—-3)(E—1)z(t) = (E —1)25".
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Subtracting, we get

(B*=3)(E-3)—(E-1)(E-3)y(t) = (E-3)5 —(E—1)2-5

(E-3)(E*—E-2)y(t) = (E-3-2E+2)5
(E=3)(E—-2)(E+1)yt) = —(E+1)5
_ _<5t+1+5t)

- —6-5

By the annihilator method, we can get an appropriate trial solution y(t) = C5'.

Substituting this in (2.24)), we get

(E-3)(E—-2)(E+1)C5 = —6-5
(EB°~E*+E+6)C5 = —65
(5% —4.5"2 4 5 1 6.5 = —6-5
C-5(5.-4-5°+5+46) = —6-5
(125 —100 + 11)c = —6
360 = —6
C = -1/6

y(t) = Cl?)t + Cg2t + 03(—1)2 = bt.
Substituting this in (2.23b)), we get:

(E —3) (C13" + Co' + C3(—1)" = 5) + (t — 3)2(t) =2 - 5"

= O3 4+ G2 4 Oyt — 1)1 — %ﬂ — O3 — 30,2
FBC(-1) "+ 2 4 (B - 3)(t) =25
= (92'(2 — 3) +4C3(=1)" + %t(l —5/3)+ (E —3)3(t) =25
= —C92" + 4C3(—1)"*" — g +(E—=3)r(t) =25t

t
(B =3)z(t) = Co2" +4C5 — (—1)" + > +2-5=C52"+4C5(-1)" + 3

3
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Let us again use the annihilator method to find z(t) :

(E—3)C2'=(Cy2' = 02" —=3.2") = (Cy- 2

= C = —Cy(E—3)z(t)
- _022t
Z(t) = —022t

C = —C4
and (B~3)0 5= 15’5 0 (5" ~3-5) = Lo
7
=C0(6-3) = 3
7
=(C = 8
Thus, z(t) = —0%2"— C3(—1)"+ Z5t 10,3t

6

Now, substituting the expressions for y and z in (1), we get

(E* = 3)y(t) + (B - 1)=(t)

5¢ 5
— (013t+2 + Cp212 4 C5(—1)2 — 5 —3C13" — 3042 — 3C5(—1)" + 5 ) +

7 7

(—Co2 — Cy(—1)" + 65t+1 + O3 4 28 4 C5(—1)" — 6 — Cy3Y)
11 14

— (6013t + 092" — 2C3(—1)" — §5t Co2' +2C5(—1)" +§5t + 20, — 3t)

= (6C, +2Cy) 3" + 5

— (601 + 204) 3t

— 04

.. The general solution is

t
y(t) = Clgt + CQQt + Cg(—l)t — %,
2(t) = =3C13" — 02" — C3(—1)" + 25#
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The method of variation of parameters

If we assume that n linearly independent solutions of (2.9) are known, then the
method of variations of parameters gives all solutions of equation (2.8)) in terms of
n indefinite terms. Let us do this for n = 2.

Let u;(t), us(t) be independent solutions of
pa(t)u(t + 2) + p1(t)u(t + 1) + po(t)u(t) = 0. (2.25)
We have to find a solution of

P2(t)y(t +2) + pr(H)y(t + 1) + po(t)y(t) = r(t) (2.26)

of the form
y(t) = a1 (t)us(t) + az(t)us(t),

where a; and a, are to be determined.

Theny(t+1) = ai(t+ Dus(t+ 1) + ag(t + Dua(t + 1)
= a(t+Du(t+1)+a(t)ui(t + 1) —ar(t)us (t + 1)
—ag(t + Dua(t + 1) + az(t)ua(t + 1)
= a(t)us(t + 1) — a1 (Hus (t + 1) + as(H)us(t + 1)

+Aaq (t)ur (t+ 1) + Aag(t)us(+t + 1).
Choose a,(t) and as(t) so that

Syt+1) = a(Bur(t+ 1) + ag(t)us(t + 1)
Then y(t+2) = ai(t+ Duy(t+2)+ as(t + Dus(t + 2)
= ai(t+ Dui(t +2) + a1 (t)us(t +2) — ar(t)uy (t 4+ 2) + ao(t + 1)ua(t + 2)
Fag(t)us(t + 2) — ag(t)us(t + 2)

= a1 (t)ur(t +2) + ag(t)uz(t + 2) + Aay (H)uy (t + 2) + Aag(t)uz(t + 2).
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Substituting the expressions for y(¢), y(t + 1) and y[t + 2 ) in equation (2.26), we get

Pyt +2) + pr1(O)y(t+ 1) + po(t)y(t) = paolt) [ar1(t)ur(t + 2) + az(t)ua(t + 2) + Aaq (t)u (t + 2)
+Aas(t)us(t + 2)] + pi(t) [ar () ur (t + 1) + aa(t)ue(t + 1)]
+po(t) [ar(t)ua(t) + az(t)ua(t)]

= a1(t) {p2(t)ur(t +2) + p1(H)us(t + 1) + po(t)ua (2)]
+as(t) [p2(t)ua(t +2) + pr(t)ua(t + 1) + po(t)ua(t)]
+po(t) [ur (t + 2)Aay (t) + uz(t + 2)Aas(t)]

= polt) [ur(t + 2)Aay (t) + us(t + 2)Aasy(t)] .

Thus, y(¢) satisfies equation if

Therefore, y(t) = ay(t)uy(t)+as(t)us(t) is a solution of equation if Aaq(t), Aas(t)
satisfy the linear equations (2.27)) and (2.28]). The determinant of the coefficients in
equations (2.27) and (2.28)) is

u(t+1) wus(t+1)

=w(t+1)

#0 (Since uq,us, are linearly independent).

.. This system of equations (2.27) and (2.28) has a unique solution.

Example 2.3.9. Find all solutions of y(t+2) — Ty(t + 1) + 6y(t) =t if us(t) = 1 and
us(t) = 6' are the two independent solutions of its homogeneous equation.

By variation of parameters method,
y(t) = ar(t)ur(t) 4 az(t)us(t)
is a solution of the given difference equation if
ur(t+ 1)Aay (t) + ua(t + 1)Aas(t) =0

and

wur(t+ 2)Aaq () + ua(t + 2)Aas(t) =

pa(t)
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Then, we have

Then

Next,

ACLQ (t) =

30

Aay(t) + 0" Aay(t) = 0 — (1)

Aai(t) + b2 Aay(t) =t — (2)

(2) - (1) = A6 O DAay(t) =t

t t o,
t —t

A t) = _6t+1_6t ——
a(t) 300 5

a(t) = Z(—§)+C

= Y tWyC
5 +
1 +2)

54~ 2
+2)

= —+4+C
10 -
t(t—1)

= — C.

10

t t
6 =ax(t) = > —67'+D

1 6 <1>t 6
= —|—<ct+ =) +2-x=x

¢+ /1\" 1 /1\'
- —(Z) ——(2) +D.
25 \ 6 125 \ 6
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.. The general solution of the given difference equation is
y(t) = ay (t)ur(t) + as(t)ua(t)

() B () (6)) -2

2t ot 1

—C+D6 — —F — — — — —
+ 10+10 25 125
2 3t 1
=C+D6 — — 4= - —
+ 10+50 125
2 3t
=F+D6' — — + —
+ 10+50’

where F, D are constants.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Annihilator method
2. Solving system of linear difference equations with constant coefficients

3. Method of variation of parameters

Check your Progress:

1. The characteristic polynomial of u(t + n) + p,_u(t +n — 1) + -+ - + pou(t) = 0 is

of the form ..........

(A) A"+ pna A"t tpg (B paa AT o

(C) ppn1+Pna+--+po (D) None of these
2. A"+ p_ A"t ... 4+ py = 0 is the characteristic equation for the ..........

(A) n'" order equation (B) (n — 1) order equation

(C) (n+ 1) order equation (D) None of these
3. The annihilator of the difference equation y(t + 2) — 7y(t + 1) + 6y(t) =t is

(A) (E—6)(E—1) @) (E+1)(E—6) (C(E—6)(E—-1)?° ©)(E—1)
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Unit Summary:

In this unit, the basic theory for linear difference equations is developed, and meth-
ods of finding closed form solutions to linear difference equations with constant coef-

ficients are discussed.

Glossary:
« W(t) - The matrix of Casorati
* w(t) - Casoratian (The determinant of matrix of Casorati)

Self-Assessment Questions:

1. Find all solutions:
(@) u(t+1) — e¥u(t) = 0.

(b) u(t + 1) — e %u(t) = 0.
2. What is the order of this equation
APy(t) + A%y(t) — Ay(t) —y(t) = 07
3. Show that () = 2! and uy(t) = 3" are linearly independent solutions of

u(t+2) —bdu(t+1)+6u(t) =0
4. Solve u(t +2) + 6u(t + 1) + 3u(t) = 0.

Exercises:

1. Suppose y(1) = 2 and find the solution of

y(t+1)=3yt) =€ (t=1,2,3,---)

2. (a) Show that u;(t) = ¢* + 2,us(t) = t* — 3t and u3(t) = 2t — 1 are solutions of
Adu(t) =0
(b) Compute the Casoratian of the functions in (a) and determine whether they

are linearly independent.
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3. Solve by the annihilator method
y(t + 2) + 4y(t) = cost.

4. Find all u(t) and v(¢) that satisfy

u(t +2) — 3u(t) +2v(t) =0
u(t) +v(t+2) — 2v(t) = 0.

5. Use variation of parameters to solve
y(t +3) —2y(t+2) —y(t +1) +2y(t) = 8- 3"

Answers for check your progress:

Section 2.1 1. (B) 2. (B) 3. (O
Section 2.2 1. (B) 2. (A) 3. (D)
Section 2.3 1. (A) 2. (A) 3. (D)
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Press, New York, 2001.
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2. S.N. Elaydi, “An Introduction to Difference Equations”, 3rd Edition, Springer,
India, 2008.

3. R. E. Mickens, “Difference Equations”, 3rd Edition, CRC Press, 2015.
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Unit 3

Linear Difference Equations (continued)

Objectives:

This unit deals with solving linear difference equations with variable coefficients

using generating functions and z-transforms.

3.1 Equations with Variable Coefficients
Lemma 3.1.1. Let uy(t), us(t), -+ ,u,(t) be solutions of the equation
Prn)u(t+n) +ppr(B)u(t+n—1)+ - +po(t)u(t) =0 3.1

and let w(t) be the corresponding Casoratian. Then w(t) satisfies

~—

npo(t

w(t+1)=(-1) w(t). (3.2)

Proof. Given that u,(t), us(t),- - ,u,(t) are solutions of (3.1).

Then, we have

up(t+1) us(t +1) Uy (t+ 1)
u (t+2) ug(t + 2) un(t +2)
w(t+1) = : : : :
w(t+n—1) w(t+n—-1) -+ wu,(t+n—-1)
up(t +n) ug(t+n) -+ uy(t+n)

Since w(t + 1) is unchanged if we replace the last row by

(nt® 1row)+]!£><(1St row ) 4+ 22l ((n—1)™ row ),

Pn Pn
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we get,

ur(t+1) us(t + 1) un(t+1)
uy(t+2) us(t + 2) un(t +2)
1) — : : : :
w(t+1) u(t+mn—1) us(t+mn—1) up(t+n—1)
w(t+n)+Bui(t+1) u(t+n)+2us(t+1) -+ up(t+n)+ Lun(t+n—1)
uy(t+1) ug(t+ 1) un(t+1)
uy (t+2) ug(t + 2) un(t +2)
— w(t+1) = : : : :
w(t+n—1) u(t+n—-1) -+ wu,(t+n—1)
SEu) Bu() o —Bug(
Rearranging the rows, we get
CSmy() —Bugt) o Ryl ]
ur(t+1) ug(t+1) - un(t+ 1)
w(t+1) = (=1)""! uy(t +2) up(t+2) o un(t+2)
| wi(t+n—1) w(t+n—1) - u,(t+n—1) |
uy (t) us(t) un(t)
t+1 t+1 Rk n(t+1
e w(t41) = (_1)np0(t) uy ( ‘ ) us( ‘ ) . Up, ( . )
palt) : : : :
w(t+n—1) uw(t+n—-1) -+ wu,(t+n—1)
po(t)
= w(t+1)=(-1)" w(t).
(4 1) = (<1 2
O
Theorem 3.1.2. Reduction of order method for a 2"¢ order equation
If uy (t) is a solution of
pa(t)u(t + 2) + p1(t)u(t + 1) + po(t)u(t) =0 (3.3)

that is never zero and py(t) and ps(t) are not zero, then

w(t)
w(l) =ut) ) s i

yields an independent solution of equation (3.3]), where w(t) is a non-zero solution of

equation w(t + 1) = (—1)”5)’2—81{1(1&).
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Proof. Given that u,(t) is one of the solution of equation (3.3). Let uy(t) be the other

solution of equation (3.3)). We know that
(i) = e
w(t)

ua(t) w(t)
= = R A
_ w(t)
= wt) = w(t)) NOTED!
0
Example 3.1.3. Solve the equation
1
u(t+2) —u(t+1)— t—i——lu(t) = 0.
We know that, u,(t) =t + 1 is a solution. By lemma (3.1)), the Casoratian w(t) satisfies,
wt+1) = (- 1)2“’(’” (1)
= w(t
(s 1)
t—1
= w(t) = w(a Hp s
t—1
-1
= w0 <s +1
s=0
—1 —1
_ (=)
= w(0) i
1\t
By Theorem ( , the second independent solution is given by

w(t)

w(t) = wlt)) T
(=1
= (t+1)zt!(t+1)(t+2)
= (t+1)> —

(t+2)

t—1 (_1)kz
— up(t) = (t+1)zm
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Hence, the general solution is,

u(t) = Cuy(t) + Duso(t)

t—1
= C{t+1)+D(t+1) Z
o (bt
= u(t) = C+D§:< 2l
B (k +2)!
where C and D are constants.
Example 3.1.4. Solve
t(t + 1A% u(t) + atAu(t) + bu(t) = 0, (3.4

where a and b are constants.
(The Equation (3.4) is similar to the Cauchy-Euler differential equation.)

By substituting the trial solution u(t) = (t + r — 1), we have

tt+ DAt +r — D+ atA(t+r — 1D+ bt +r—1) = 0

tt+Dr(r =Dt +r—1)"24atrt+r—1D"L+bt+r—1) = 0 (3.5
Now,

tt+r -1 = tt+r-—Dt+r—1-D{t+r—-1-2)...

(t+r—1—(r—1-1))

= tt+r—1t+r—2)...(t+2)(t+1)

= (t+r—=1t+r—=2)...(t+2)(t+ 1)t

~ o1 (3.62)

and tit+1)t+r—-1D"2 = tt+1)t+r—-Dt+r—2)...

(t+r—1—(r—4)(t+r—1—(r—3))
= tt+D)({t+r—1)...(t+3)(t+2)
= (t+r—1D)0t+r—2)--t+2)(t+ 1)t
~ (o 1) (3.6b)
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Substituting and in (3.5), we get

rir—0(t+r—1)"+ar(t+r—1)"+bt+r—1)" = 0
= r2(t+r— 1)+ (a—Drt+r—D+bt+r—1)" = 0
— (P +(a—1r+b)(t+r—1)"=0

— P+ (a—1)r+b=0 3.7)

If equation (3.7)) has distinct roots r1, 5, then the difference equation has the independent

solutions
ul(t) = (t +'l"1 — 1)7;1,

us(t) = (t+ry—1)=.
In the case of repeated roots, we can use Theorem to obtain the second solution.

Now, taking a = —5 and b = 9 in equation (3.4), we have
t(t + 1)A%u(t) — 5tAu(t) + 9u(t) = 0. (3.8)

Then, equation (3.7) becomes

So, we get one of the solution of (3.8)) as
w(t) = (t+r—1)"
= (t+3-1)"=(t+2)7>
= (t+2)(t+ 1)L

Next, let us rewrite the equation (3.8) as

tt+1)(E — D*u(t) — 5t(E — Du(t) +9u(t) =0

= t{t+Dut+2)— (2 +7t)ult+1)+ (t+3)°u(t) = 0.

Heren =2, po(t) = (t+3)% pa(t) =t(t+ 1).

Then, w(t) satisfies w(t + 1) = (—1)" 2w (?).
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Then,

3 2 52 (t+2)
- “’“)(@) (ﬁ) (@_ 1><t>>

(t+2

(t — 1)11.32.22

(t+2)(t+ Dt +2)(t+1)
32,22

= tt+1)*t+2)? if w(l) =322

Thus, the second solution of (3.8) is given by

us(t) = wui(t) Z

w(t)
uy (t)ug (t + 1)

(t+2)(E+ 1)t

tt+1)%(t+2)2

E+2)E+1t)y —

1

t+2)2y ——.
(t+2) t+3

.. The general solution is

u(t) = Cuy(t) + Dua(t)

1
—C(t+22+Dt+22Y ——
(t+27 4+ Dt +2' Y

= (t+2)° {CJFDZH%}

where C, D are constants.

Example 3.1.5. Solve

wheren =0,1,2,---.

(n 4 2)tupso — (N + 3)ups1 +2u, =0

Let the generating function be

g(x) = Z Up ™.
n=0
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First, multiplying each term in the difference equation by x" and summing as n goes from

0 to oo, we get

Z(n + 2)Up 02" — Z(n + 3)up12"™ + 2 Z Uz = 0.
n=0 n=0 n=0

Next, making a change of index in the first two summations, we get,

Z nu, "% — Z(n 4+ u,r" Tt 42 Z upz” = 0. (3.9)
n=2 n=1 n=0
Since ¢'(x) = > > nu,x™" !, we can write
g () =u + Z N, ™!
n=2
- N nu,x" 2 = 1 (¢'(x) —uy)
and
g(z) = Z Upx" = ug + Zunw”
n=0 n=1
— S = L (o) - )
n=1 X

Substituting these expressions into (3.9), we have

1 2
- (9'(x) —uy) — g'(x) — . (9(w) —ug) +29(x) =0
or
/() — 2(r) = L 220
— ) =
g g -
For uy = 2ug, we have  ¢'(z) —2g(x) =0
= g(r) =¥
o0 2’!’1 .
= g(z) = Hx
n=0
ot = (1 =10,1,2,0 ).

This is one of the solution of the given equation.

To find the second solution, consider

2

w(n+1) = (_1)2n 3

w(n)
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[\

(s +2)

[ESIESREN

(n+1)!
_ (nil)! if w0)=1.

.. The second solution is given by

w(n)
tn =t unun+1

S s
n' 2n 2n+1

n! (n+1)!
n n—1
= Z T

Hence, the general solution is Cu,, + Dv,, , where C, D are constants.

Example 3.1.6. Find the factorial series solution of
2u(t+2)+ (t+2)(t+ Du(t +1) — (t+2)(t + 1)u(t) = 0.

We can rewrite it as

2u(t +2) + (t +2)(t + 1)Au(t) = 0.

Substituting u(t) = >, , axt=", we have

i 2ap,(t +2)~E + (t+2)(t + 1) i ap(—k)t="=L = 0.

k=1
Since LG+ 1)
@+ZXt+Uf*4::@+QXL+DF@_w_k_1)+1)
— ()t + 1)%
I(t+2)
:“+mra+k+m
Tt +3)
CT(t+k+2)
= (t + 2)=++L
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we have
ZQakt—l—Q —I—Zak )(t 4 2)=E+L = 0,

Make the change of mdex k—k+1in the second summation and combine the series to

obtain

> 2ag — (k + Dagsa] (¢ +2)E = 0.
k=0

Then aq is arbitrary and

ak+1 = Qe (k Z 0),

E+1

SO

.. A factorial series solution is

and the series converges for all t except the negative integers.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Solving linear difference equations with variable coefficients
2. Reduction of order method
3. Method of generating function

4. Factorial series solution

Check your Progress:

1. If uy(t), us(t), -+, u,(t) are solutions of the equation
po(t)u(t+n)+po_1(t)u(t+n—1)+---+po(t)u(t) = 0, then their Casoratian w(t)

satisfies .....eeueveennnes

(A wt+1) = (—1)"2Dyr)  B) wt + 1) = (—1)" 28 y(r)

po(t) pn(t)
(©) w(t+1) =pu(t)w(t) (D) None of these
2. Which of the following is a solution of u(t +2) —u(t + 1) — t+_1“( ) =107
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(A) t B)t—-1 Ot+1 (D) None of these
3. The order of the Cauchy — Euler equation is ........

(A) 1 B) 2 (CO)n (D) None of these

3.2 The z-Transform

The z-transform is a mathematical device similar to a generating function which pro-
vides an alternative method for solving linear difference equations as well as certain

summation equations.

Definition 3.2.1. The z-transorm of a sequence {y;} is a function Y(z) of a complex
variable defined by
Y
Y(z) =2 (y) = z_i
k=0

for those values of z for which the series converges. We say that the z-transform "exists"
provided there is a number R > 0 such that )~/ % converges for |z| > R.

The sequence {y.} is said to be "exponentially bounded" if there is an M > 0 and a
¢ > 1 such that

lye] < McP
for k > 0,

Theorem 3.2.2. If the sequence {y;} is exponentially bounded, then the z transform of

{yi} exists.

Proof. Assume that the sequence {y;} is exponentially bounded. Then there is an

M > 0 and a ¢ > 1 such that

ly| < Mc”
for £ > 0. We have
%’ N e
Z‘z - |z|F — Z z
k=0 k=0 k=0

and the last sum converges for |z| > c. It follows that the z-transform of the sequence

{yx} exists. O
In this section we will frequently use, without reference, the following theorem.
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Theorem 3.2.3. If the sequence {f;} is exponentially bounded, each solution of the n't

order difference equation

Yr+n + D1Yktn—1 + P2Ykin—2 + -+ + Pnlk = fi
is exponentially bounded and hence its z-transform exists.

Proof. We will give the proof of this theorem just for the case n = 2. Assume y; is a

solution of the second order equation

Ykt2 + D1Ykt1 + P2y = fi

and {fx} is exponentially bounded. Since {f;} is exponentially bounded, there is an
M >0 and a ¢ > 1 such that
|fil < M

for £ > 0. Since y, is a solution of the above second order difference equation, we

have that

(Yol < [pil [yesr ] + [po] lyel + McP. (3.10)
Let

B =max{[pi|,[pa|, [wol, 1|, M, c}
We now prove by induction that

lyr| < 3°'1BF (3.11)

fork >0 (k=1,2,3---). It is easy to see that the inequality (3.11))is true for k£ = 1.
Now assume that ky > 1 and that the inequality (3.11) is true for 1 < k < kj. Letting
k = ky — 1 in (3.10)), we have that

[Ykor1] < 1] [yke| + 2] [yko—1| + M
Using the induction hypothesis and the definition of B we get that

lyioi1| < B3Fo~1 Bk 1 Bgko-2pko=1 4 pRho-1
It follows that

|yk;0-|—1| S 3k0—1Bk0+1 + 3/60—1Bk‘0+1 + Sko—lBk‘o-‘rl _ 31€()Bk‘0+1
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which completes the induction. From the inequality (3.11)),
lysl < (3B)"

fork=1,2,3---, soy is exponentially bounded. By Theorem (3.2.2)) , the z transform

of y;. exists. O

Example 3.2.4. Find the z-transform of the sequence {y, = 1}.

The z-transform of the sequence {y, = 1} is given by

1
v =20) = Y
k=0
1 1
= l+-+5+.
z
1
= (1— =)
(1-1)
1
1
= © where — <1
z—1 |2
— Y(2) = Zl where |z| >1
Z_

Example 3.2.5. Find the z-transform of the sequence {u;, = a*} .

The z-transform of the sequence {u;, = a*} is given by

<k
a
U =2 = Y4
k=0
a a?
= 1+—+—2—|—
z oz
a a
= 1+-+ () +
z  ‘z
a
= (1—-)"!
(-9
B 1
= 1o
= = where M<1
z—a ||
U(z) = : where |z| > |a]
z—a

Example 3.2.6. Find the z-transform of the sequence {v, = k}32,.
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The z-transform of the sequence {v, = k}32, is given by

= V(z)

= V(2)

— (- V()

z
z—1

= (V)
— (z— DV (2)

— V(2)

=k
=2k = > &
k=0
L = k+1
- szﬂ'
k=0
k+1

_sz Zzlk

k=0
1 1
—V(z)+ =Y (2) where Y(z)
z z
1 1
-Y(z) where — <1
z 2|
1
-Y(z) where |z|>1
z
: where |z| >1
z—1
: where |z| > 1.

Theorem 3.2.7. Linearity Theorem

If a and b are constants, then

Z(aug + buy,) = aZ(ug) + bZ (vy)

for those z in the common domain of U(z) and V(2).

Proof. Consider,

Z(auy, + buy,)

— Z(au +bv) =

>, auy, —l— buy,

2
bvk

kzo

e

>
SO
Fow) +1700)
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Example 3.2.8. Find the z-transform of the sequence {v;, = sinak}, .

iak _ ,—iak
Z(sinak) = Z(6 2: )
1 4 1 4
- 7 iak —7 —iak
5 ) = 5 2™
B 1 emk 1 efiak
2 2k 2 2k
k= k=0
1 62'0, eia e ia —1ia
= —[1+—+(—)>2+...]—-=1 2y
2i[+z+(z)+]2[+z+(2)+
B 1 1 } 1[ 1 ]
n 21’-1_% 2 1_6‘;“
B 1 z ] 1[ z ]
2Lz —eia 2i Lz —eia
17 =z z

2il (z—e€)(z—eia)

11 22— ze @ — 22 4 zele

T 2i L2 zeia _ peia eiae—m]
1r 2! — ze~le

T 20l — z(eit 4 o) + 1]

1 2(ei — eia)
[22 — z(ele 4 e~ia) 4 1}

1 2izsina

2l )

22 — 2zcosa + 1
Z8tna

— Z(sinak) = poR Pp——
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Example 3.2.9. Find the z-transform of the sequence {vi, = cosak}?2, .

iak —iak
Z(cosak) = Z(i

222 — zel® — zeTia ]
[22 — z(efe 4+ e7ta) + 1
T 222 — z(e" + e ]
[22 — z(efe 4 e7ta) + 1
- 222 — 2zcosa ]

NI= = N=NE N NDIERENDE DR = N = N =
N
S
Q,
s
N
|
o |
4
IS
—

L22 — 2zcosa + 1

22 — ZCOoSa

= Z(cosak) = 22 —2zcosa+ 1

Theorem 3.2.10. If Y (z) = Z(yy) for |z| > r, then

mn

avy
Z((k+n— 1)) = ()=

(z)for |z| > r.

Proof. By definition,

for |z| > r.
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Differentiating (3.2) with respect to z, we get

Y
= T (2)

— Z((k4+n—1)"y,)

> (—k)ypz Y
k=0
D (k)(k + Dygz=*+
k=0
Z )(k 4 1) (k + 2)ypz~*+3)
k=0
=0
(—1) Z(k+n—1Dk+n-2)...(k+2)(k+ 1k
Zn Z Zk Yk
k=0
(=) = (k+n—1)™
AL Z Zk Yk
k=0
_]_ n
( n> Z((k+n— 1)(”)yk)
LAY
-1 )
(1 ()

Note: For n = 1, we get the special case Z(ky;) = —zY"(2).

Example 3.2.11. Find Z(ka").

—

—

Z(kyx)

Z (ka")

Z(ka")
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Example 3.2.12. Find Z(k?).
The given problem can be written as Z(k?) = Z(k - k) .

Z(kyy) = —z—Y(2)

— Z(K) = —z—2Z(k)

—2(z=1)((z=1) = 22)
(z = 1)t
z(z=1)(-1-2)
(z = 1)t
z2(z+1)
(z—1)

= Z(k*) =

— Z(k*) =

Definition 3.2.13. Define the unit step sequence u(n) by

0 if 0<k<n-—1
uk(n):{

1 if n<k

Note: The unit step sequence has a single step of unit height located at £ = n.

Theorem 3.2.14. Shifting Theorem
For n, a positive integer

n—1

Z(yprn) = 2"Z(ye) = > ymz" ™

m=0

Z(Yr—nur(n)) = 27"Z(y)-

Proof. Consider

Yk+n

Z(yk—i-n) =
k=0

oo
—k
- E Yk+n<
k=0
_ —k+n
= E Yr2

k=n
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— Z(Ykin) = Z”Zykz’k

k=n
00 n—1
= 2" Zykz k_zymz m]
k=0 m=0
00 n—1
= 2" %—Zymz*m}
k=0 m=0
n—1
= 2" Z(yk>_zymz m:|
m=0

n—1
— Z(esn) = 2"Z() = > ym2" "
m=0
Now,

Z(ye—nr(n)) = Y y’“”z—w
k=0

k —k—n
= E Yk—n~ ZE Yrz
k=n k=0
o0
Zk
k=0

= Z(Yp—nux(n)) = 27"Z(yx).

Example 3.2.15. Find Z(ug(n)).
We know that Z(yx_nur(n)) = 27" Z(y).
Therefore,

Z(1-ug(n)) = 2 "Z(1)

NS |
-y

k=0

n

= z

z—1

1-n

— Z(u(n) = ——
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Example 3.2.16. Find Z(y) if yp = 2,0 < k <99; y, = 5,100 < k.

Z(?/k) = g
k=0
99 00
Y Y
P i
k=0 k=100
9 0o
2 5
DD
k=0 k=100
99 00
1\ % 1\ %
EHCEDNO
2. (2) 52 (S
=0 k=100
1\k | 100 Dk | o
() > N 5<1(Z) )
k=0 ;—1 k=100

(%)1002 - ) +5<(§)°°Z - (%)NOZ)

1—=z2 1—=2

—32(%)100 2z

— Zm) = 1—z 1—=z
3z 2z

2100(z — 1) * z—1

B 3 2z

29z —1) +z—1

3+ 222%

29(z — 1)

3+ 2210

29(z—1)

= Z(y) =

Theorem 3.2.17. For any integer n > 0,

nlz"

Z((k+n—1)M) = o

= m fO?" ‘Z’ > 1.

Proof. We know that Z((k +n — 1)™y,) = (=1)"2"LV (2) .

dzm

Let y, = 1. Then

n
nnd

Z((k+n—-1)") = (-1)"z V)

= (1) 2
= (2
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— —1)" "

( ) dzm (Z _ 1)n+1
B nlz"
o (Z _ 1)n+1

Now, we know that

n—1
Z(rn) = 2"Z(u) = 3 g
m=0

— Z((k+n-1)") = " 1Z(k") - }:mnnlm
nlz" 1
— n=lz(pn
= EE 2 (k™)
n—2
—Zm(m—1)...(m—n+2)(m—n+1)2"_1_m
m=0
2"
nflz (n) _ n
= z (k') e
|
)y — ™%
= Z(k") = EET for |z| > 1

Theorem 3.2.18. (Initial and Final value Theorem)
(a) If Y(z) exists for |z| > r, then yo = lim Y (2).
Z— 00
(b) If Y(2) exists for |z| > 1 and (2-1)Y(2) is analytic at z=1, then

lim y;, = hm(z — 1Y (2).

k—o0

Proof. (a) From the definition of z-transform,

Y(z) = Y 5
- Y1 Yo

= Wttt

| <
>

Taking limits on both sides, lim Y (z) = yo.

Z—00
(b) Consider

Z(Ypr1) = Z Y12 — Z Ypz "
k=0 k=0
- [t Y]
k=0 k=0
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Z(Yer1) = lim |[(y1+yez '+ yaz 2+ + Yuprz ")

n—oo

— (Wo+wyz " Fyer 24+ ynz_”)]

= lim y0+y1(1—z_1)+y2(2_1—2_2)—1—...

n—oo

Hyn (2D =27+ ynﬂZ’")] :

Thus
im Z (ye41 — yr) = m [~yo + Ynia]-
z—1 n—oo

From the Shifting theorem,

lim[zY (2) — 290 = Y'(2)] = lim [y — yo]
= lim[(z - )Y(2)] —yo = lim g —yo
z—1 k—o0
— lim[(z — 1)Y(2)] = lim y.
z—1 k—o0

Hence the theorem.

Example 3.2.19. Verify the above theorem for the sequence y;, = 1.
For (a),
1 =1yo= lim Z(1)

Z—00

and

lim Y(z) = lim Z(yx)

Z—00 Z—00

lim Y(z) = 1.

Z—00

Hence (a) is verified.
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For (b),

lim y, = lim 1 =1

k—o0 k—o0
and lim[(z = 1)Y(2)] = lim[(z = 1)Z(ys)]

= lim[(z —1)Z(1)]

= O+£1E>r%(z—1)z_1

= limz
z—1

= 1.
Hence (b) is verified.

Theorem 3.2.20. If Z(y;) = Y (2) for |z| > r, then for constants a # 0, Z(a*y;) = Y (

for |z| > r|al.

Proof. By the definition of z-transform,

L a
Za'y) = Y=

Example 3.2.21. Find Z(3*sin4dk).
We know that,

zsind

Z(sindk) = 22 — 2zcos4 + 1

(2/3)sind
(2/3)% — 2(z/3)cosd + 1
(z/3)sin4
(22/9) — 2(2/3)cosd + 1
3zsin4d
2% — 6zcosd + 9

— Z(3Fsindk)

= Z(3Fsindk) =
Example 3.2.22. Solve the following initial value problem using z-transform

Y1 — 3y = 4,
yo = 1
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Taking the z-transform on both sides we get,

Z(yk+1)_32(yk) = 42(1)

z
= 2Z(yr) — 2y0 — 3Z(yr) = i
4
= 2Y(2) —2zyo — 3Y(2) = z—Zl
4z
= z2Y(2) —2-3Y(2) = pog| here yy=1
4z
Y — =
— Y(2)(z —3) Z+z—1
2
— 4
s Y(2)(z—3) = Lt
z—1
22+ 32
Y - =z T
IS e y ooy
B 2(z 4 3)
(2= 1)(z—3)
_ . -2 4 3 ]
B z—1 2-3
=2z . 3z
z—-1 z2-3
Y(z) = —2Z(1)+32Z(3")
— Z(y) = —2Z(1)+32(3")
=y = —2+3-3°
— y, = -2+ 3L

Example 3.2.23. Solve the initial value problem

Yrr1 — 3y = 3%,

Yo = 2.

Taking the z-transform on both sides we get,

Z(Yrs1) — 3Z(ye) = Z(3")

= 2Y(2) —2y0 — 3Y(2) =

= 2Y(2) —22-3Y(2) =
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= 2Y(2)(z—3) = 22+

z—3
222 — 62+ 2
(2 —3)
222 — 5z
(2 —3)?
2(2z — 5)
(2 —3)?

2 1
3T o3
2z 1 3z
373 o3

= Y(z) =

= Y(2) = =z

= Y(2) =

— Z(y) = 22(3’“)+%Z(k3’“)

1
= Y = 2‘3k+§/{73k.

Result: Use the binomial theorem to show that

2((3)) = (2) o=

() - 51

r r r r
B r N 1 N 2 N N r—1 N r
- 0 z Z2 27‘—1 2T
r r T
1 2 r—1 1
= 1+ e S R e A s
z z z z
- r\ 1 r 1 r 1 1
= + 1 ;-i- 9 ;‘F"'—F o1 Zr71+;
_ 14 1+T<T—1)1+ N +1
N " z 21 22 " zr=1 = pr
(3.12)
1 —1
— —|:ZT—|-?”ZT1—|—T(T )ZT72+"'+7'Z+1
2" 21
B (1+2)"
= —

(1)) = ()
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Example 3.2.24. Solve the initial value problem
(k4 Dyrsr — (50 = k)yi = 0,
Yo = L.
Taking the z-transform on both sides we get,
Z((k + )ys1) — 502 (y) + Z(ky) = 0. (3.13)

Now, let us consider;

Zly—k+1) iy_
k=0

= 2Z(y) — 290 = Zk—zl

= 2(Z(yr) —Yo) = Zk—:l

z
k=0
Ykt
= Zy) —1 = szﬂ
k=0
On differentiating, we get
d d N Yt
“(z 1) = —
dz( () ) dz — Zk+1
d o0
“ N - (k+2)
= dz(Z(yk) 1) = ;yk+1(k+1)
= Y'(2)= = —Zyk+1(k—|— 1z k22
k=0
— 2Y'(z) = =Y (k+ 2
k=0 &
= —2Y'(2) = Z((k+1)yps1)
= 2[-2Y'(2)] = Z((k+ D)yps1)
— z[Z(kyy)] = Z((k4+ 1)yks1)- (3.14)

Substituting (3.14) in (3.13), we get

zZ(kyx) — 50Z (yy,) + (—2Y'(2)) = 0
= 2(—2Y'(2)) = 50Y(2) + (—2Y'(2)) = 0

— —2°Y’(2) = 50Y(2) —2Y'(z) = 0
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. Y'(2) =50
Y(z)  z(z+1)
z  z+1
N Y'(z) =50 50
Y(2) oz z+1
On integrating, we get
logY () = —50logz + 50log(z + 1)

= logY(z) = log(zjlfo

Z_|_ 1)50
z

z+1)50
> .

= Y(2) = (

= Z(y) = (
By using the above result,
50
2 = 2(( )
(50
Example 3.2.25. Solve the second order initial value problem
Yrs2 + ye = 10 - 3%,
Yo = 0,41 = 0.
Taking the z-transform on both sides we get,

Z(yrs2) + Z(yr) = 10Z(3")

= 2°Z(yx) —w?® — iz + Z(ys) = 10

— 2+ 1DZ(y) = 10

— Z(y) = 10[
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2z 22 3z
z—3 Z2Z2+1 z22+1

k 2% — zcosm /2 3zsinm /2
= Z(3") — _
22 —2zcosm /241 22 —2zcosm/2+ 1
_ Z(3k> B 2(z — cosm/2) 3zsinm /2

22— 2zcosm/24+1 22— 2zcosm/2+ 1
— Z(y) = Z(3") — Z(cos(w/2)k) — 3Z(cos(n/2)k)

— yr = 3" —cos(m/2)k — 3cos(n/2)k.
Example 3.2.26. Solve the system,
Upp1 — vy = 3k3F (3.15)
e 4+ Vg1 — v = k3 (3.16)
ug = 0,v9 = 3.
Taking z-transform on both sides of equations and (3.16), we have

Z(ugyr) — Z(vr) = Z(k3F)
3z
(z—3)
9z

= z2U(2) =V (z) = EEEIE (3.17)

= 2U(z) —zup—V(z) = 3

and Z(uy) + Z(vp1) — 3Z(v) = Z(k3%)

3z
= U(z)+ 2V (z) — 200 — 3V (z) = R
3z
= U(z)+ 2V (z) =32 -3V (2) = EEEIE
3z
= U(z)+(z=3)V(z) =3z = BRI (3.18)
Multiplying = — 3 on both sides of equation (3.17)), we get
A= 3)U(2) = (2 = 3)V(2) = 29_23. (3.19)
Adding and (3.19), we get
3z 9z
U(z)+ 2(z —=3)U(2) =3z = 3y + Z—3)
= (1+2°-32)U(z) = 32+ i + )2

(=32 (2-3)
32(2 —3)* + 32+ 9z(2 — 3)

= (1+22-32)U(2) = 3
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32(22 =62+ 9) + 32+ 922 — 272

(2 —3)
322 — 18224272+ 324+ 927 — 272
B (2 —3)?
322922+ 3z
N (2 —3)?
32(22 =32+ 1)
2 _
= (" =32+ 1)U(2) = =3
3z
U P—
— U(z) EEEIE

— Z(u) = Z(k3%)
— u, = k3~
Equation becomes
(k+1)38 —o, = 3k3F
—v, = 3k3F —(k+1)3k+1

—vp = 3k3F — 3k + 1 — 3!

I _gk+1
— y, = 3¢
Example 3.2.27. Solve the system,
Ugry — Vv = —1 (3.20)
—Up + Vg1 = 3 (3.21)

UOZO,U0:2

Taking z-transform on both sides of equations and (3.16),

Z(up1) — Z(vp) = —Z(1)
() —2u0 = V(z) = —- il
()~ V() = Zfl (3.22)
—Z(u) + Z(vpr) = 3Z(1)
_U() + 2V (2) — 2vp = Z?’_Zl
_U(2) 42V (z) =22 = Z?’_Zl
LU 4 (- 3V () = Z?’_Zl +2s (3.23)
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Multiplying z on both sides by equation (3.22]), we get

322
2U(2) — 2V (2) = o] (3.24)
Adding (3.22)) and ([3.23), we get
3z 22
2 _ _
(z2 = 1)U(2) pog| Z_l—l—z
2 2 _
(2 U(2) = 3z — 2"+ 22— 22
z—1
2
2 e a4
= (" -1)U(2) = o
B 2(z+1)
= V& = oo
z
= U(z) = EEE

Equation (3.20)) becomes
— —VUi = —1-k-1

— Uk:k—{—Q.

Definition 3.2.28. Unit impulse sequence d(n),n > 1 is defined by

)1 if k=n
6k(n)_{0 if k+#n.

Taking z-transform, we get

Ok(n) 1

2k Zn

Z(0(n)) =)

k=0

Example 3.2.29. Solve the initial value problem

Yk+1 — 2y = 305(4),

Yo = L.
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Taking z-transform on both sides, we get

Z(Yp+1) — 22(yr) = 3Z(0x(4))

1
= 2Y(2) —2yo —2Y(2) = 3
z
3
= 2Y(2) —2-2Y(2) = —
z
3
= (z-2)Y(2) = AT
3 z
:}Y —
() 24(2—2)+z—2
B 3z L z
) )
s 2 2
= Y(2) = 3z (z—2)+z—2

— Z(p) = Z(2") +327°2(25)
— Z(p) = Z(2") +3Z(2" Pu(5))

— g = 2 432" (5)
We do write ;. as

)2k if 0<k<4
= Nok 13005 if k>5

Definition 3.2.30. The convolution of two sequences {uy} and {v} is defined by

{uk}*{va}=:{;§%1%mvm}

. k
We write uy * v = ) o Uk—mUn-

Theorem 3.2.31. Convolution Theorem

If U(2) exists for |z| > a and V(z) exists for |z| > b, then
Z(ug xvg) = U(2)V(2)
for |z| > maz{a,b}.

Proof. For |z| > maz{a, b},

UV = Y5> %
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= U(z)V(2)

1
UpVo + (U(ﬂJl + Uﬂ}o); -+ (Uovg + U1 + U/QU()); + ...

1

— + ...

—|—(UQUk + UVp_1 + UVp_o + ... ukvo) Zk

o k
2.2,
k=0 m=0
2
k=0
Z(ug * v,).

Uk—mUm
Zk

UL * Vg

2k

]

Corollary 3.2.32. If Z(yx) exists for |z| > r, then Z(3F _ ym) = 52 (yx) for |z| >

max{l,r}

Proof. Take up = 11in anzo U—m U = Uk * V.

Then ZZL:O 1y, = 1 xy; ie., ZZ:U Ym = 1 * yp.

Taking z-transform on both sides, we get

k
Z(0Y ym) = Z(1xyy)
m=0
= 1(x)Y(2)
= Z(1)Z(yx)
z
= A .
S 1 )
O
Example 3.2.33. Find Z(>F _ 3™)
By the above corollary,
k
z
Z(y 3M = Z(3
(3 = 2
. z z
 z—12-3
22 3
G- =3) (|2 > 3)
The Volterra Summation Equation of convolution type
Consider the Volterra Summation Equation of Convolution type
k-1
Uk = fr + Z Uk—m—1Ym (k>0) (3.25)

m=0
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where f, and u;_,,_; are given. The term wu;_,,,_; is called the kernal of the summation
equation. The equation is said to be homogeneous if f; = 0 and non-homogeneous
otherwise. Such an equation can often be solved by use of the z-transform.

To see this, replace k by k+1 in (3.25). Then

k
Yrt1 = Jr1 + Z Uk—mYm

m=0

= Yp+1 = [r1 T Uk * Yk

Taking the z-transform on both sides and put y, = fy, we get

Z(Yr1) = Z(fey1) + Z(up * yr)

= 2Y(2) —z2yy = 2F(2) —z2fo +U(2)Y(2)

— 2Y(2) = 2F(2)+U(2)Y(2)
— 2V (2) = U(2)Y(2) = zF(2)
— (z—=U(2)Y(2) = zF(2)
— V() = ;_F;;gz)

Example 3.2.34. Solve the Volterra summation equation

k—1
pe=1+16Y (k—m—1)y,, k>0 (3.26)

m=0

Replacing k by k+1,
k
Vo1 = 1416 (k—m)ym
m=0
== Y11 = 1+ 16k * Yk

Taking the z-transform on both sides, we get

Z(Yry1) = Z(1+16(k *yx))
= Z(ypy1) = Z(1)+16Z(k*yp))

z
= 2Y(2) —zyp = 1t 16Z (k) Z (yx)
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z z
— Y (2) — 2y = 16————7
2Y () — zyo o1 G172 (yr)

1 1
= Y(E)-w = 7+ 16mz(yk)
16 z
[z _2Z+1_16}Y _ z—14+1
(z —1)2 z—1
[z _22_15}Yz _ z
(z—1)2 z—1
— (*=22-15)Y(2) = 2(z—1)
2z —1)
=Y = 550
B z(z—1)
 (z—5)(z+3)
1 1
— 2 2
"Z(z—m'F@+3ﬂ
z z
— Y@ = o5ty
1 1
— Z(y) = 52(5k) + 52((—3)k)
T
The Fredholm Summation Equation
Theorem 3.2.35. The Fredholm equation
b
= fi+ Y Kim, (@ <k,m<b) (3.27)

m=a
where a and b are integers and f;, is sequence, with a separable kernal

p

Ky = Zai(k)ﬁi(m), (a <k,m <b)

i=1
has a solution y, iff

(I-Az=1 (3.28)

has a solution ¢. If ¢ = [c1,ca,...,¢,)" is a solution of equation (3.28), then a corre-

sponding solution y;, of equation (3.27)) is given by
p
yk:fk+zci04i(k7), (a<k<b)
where I is a p X p identity matrix.
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Proof. Substitute the expression for K ,, in equation (3.27), we get

we = fet D> ailk)Bi(m)ym

m=a i=1
p b
= Uk = Jfr +Zai(k)(z Bi(m)ym)
=1 m=a
v = fo+ ) ailk)e, (3.29)
i=1

where C; = Z?n:a /61 (m)ym
Multiplying by /3;(k) on both sides of (3.29) and summing from a to b, we get

D oukBik) = D Bik) fi + Z ci Y ai(k)B;(k)

k=a

p
= Cj = U -+ Zaﬂci,l S] <p (330)
=1

where

¢ = r_auBi(k),
uj =30, Bi(k) fi,
i =Y pg (k) B; (k).

Let A be the p x p matrix, A = (a;;).

— T — T
Letc = [c1,¢,...,¢p) and T = [uy, ug, ..., upl .
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Then

Uy C1
Ug Co
u+Ac=| . + [ai;]
Up Cp
Uy 11 Aiz2 -+ Qip 1
Uz Q21 Qg2 -+ Ay Co
= +
Up Gp1 Ap2  **- Qpp Cp
P
Uy Zizl a14C;
P
Ug i=1 @2iC;
= +
p .
Up D i1 ApiCi

p
ur + Zizl a1iC;
p
Ug + 22:1 a2;C;

D s
up + Zi:l ApiCi

(&1
Co
Cp
(by equation (3.30))).
u—i—AE:(cl Co cp)T

Thus (I — A)¢ = w, where I is the p x p identity matrix.
Example 3.2.36. Solve the Fredholm summation equation
Y =1+ 30 (1 + km)ym, 0<k<19.

Comparing the given equation with equation (3.27)), we get 6, = 1, K}, ., = 1 + km,
a=0,b=19.
— al(k> - 1»/81(m) - ]_,052<k') - k7ﬁ2(m) =m.
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We know that,

aij = Z a;(k)pi (k).
_

19
a = Y 1-1=20,
k=a

19

19 19+1
ayy = Zk&:%:lgo’

k=a
19
19 19+1
ay; = Zk&:%:lgo’
k=a

= 2470.

19
19 x (19+1 2x19+1 19 x 20 x 39
i = Yok = XU EXBAD 19X X
k=a

Now,

b
uj = > fiB(k)
k=a

19
w = Y 1-1=20,
k=0

19
Uy = Zl-k:190.
k=0

CA = ajp a2 o 20 190
o - 21 QA922 o 190 2470

Substituting A and u in equation (3.28]), we have

[((1) ?)_ ( 12900 2149700)} (2 ) - ( 12900)
( _ 11990 . 2149609 ) ( 2 ) a ( 12900 )
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—19¢; —190c, = 20 (3.31)

—190c; — 2469¢c, = 190 (3.32)

10 x (@31) — (B32) = 569¢, = 10 = ¢ = 42

Substituting ¢, in (3.31),  we get

—19¢; = 18280 — ¢ = — 1220 Therefore,

p
ye = fot+ Y cio(k)
=1

= C1041<k') + CQO&Q(]C)
13280 10

~ 10811 ' 569
L9469 10
= —k < k < 19.
10811 "ot 0sks1

Example 3.2.37. Solve the Fredholm summation equation
Ye =2+ Ao Byms 0 <k <29,

for all values of \.
Comparing the given equation with equation (3.27)),
we get fi, = 2, Ky = 55\, a = 0,b = 29 which implies o, (k) = A and B,(m) = .

From

b
Qi = Z a;(k)Bi(k),
k=a

29 /\m_)\ 29

m:aTg_Ek
A 29 x30
— X

29 2

= 15\

b
and from u; = kaﬂj(k),
k=a

uy = 2122—75
0

ann =

=a
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Substituting all the values in (I — A)¢ = u, we get

(1—15))c = 30

30 1
— N £
— ¢ = 1-15nw 7 15
_ 9y
Yo = 1— 15\
2
SoYy = 1 — 15\

Remark 3.2.38. Consider the homogeneous Fredholm equation

b
Ue=A> KimYm, a<k<b (3.33)

where X is a parameter. We say that )\, is an eigenvalue of this equation, provided that
for this value of )\, there is a nontrivial solution y, called an eigensequence. We say that
(Ao, yx) is an eigenpair for Eq.(3.33). Note that A\ = 0 is not an eigenvalue. We say that

Ky 1 is symmetric provided that

Klam = N\mk

for a < k,m < b. Several properties of eigenpairs for Eq.(3.33) with a symmetric kernel

are given in the following theorem.

Theorem 3.2.39. If K}, is real and symmetric, then all the eigenvalues of Eq. (3.33)
are real. If (N, ui) (A\;,vi) are eigenpairs with \; # \;, then w;, and vy, are orthogonal;

that is,
b
Z ULV = 0
k=a

We can always pick a real eigensequence that corresponds to each eigenvalue.

Proof. Let (u,uy), (v,vx) be eigenpairs of Eq. ([3.33). Then u,v # 0. Since
( u,uy) is an eigenpair for Eq. (3.33)),

b
Up = [ E K mtm,
m=a
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Multiplying by v, and summing from a to b, we obtain

b b b
E UV = [ E E Kk,mumvk
k=a

k=a m=a
b b
= Z <Z Km,kvk) U,
m=a \k=a
I b
since (v, vy) is an eigenpair for Eq. (3.33). It follows that
b
(v—p) Zukvk =0 (3.34)
k=a
If 1 # v, we get the orthogonality result
b
Z ULV = 0
k=a

If (\;, yx) is an eigenpair of Eq. (3:33)), then ()\;, 7x) is an eigenpair of Eq. (3.33). With
(1, ue) = (Ns, y) and (v, v) = (A, Uk ), Eq. (3:34) becomes

b
(A=X) Zykgk =0
k=a

It follows that A = \, and hence every eigenvalue of Eq. (3.33) is real. O

z-transforms of some functions

Sequence Z-transform
1 z
- z—1
z
a z—a
z
k (2=1)2
2 z(2+1)
k z—1)3
n nl(z+1)
k (z—1)nt1
- zZsina
sinak z2—22zcosa+1—1
2% —zcosa
cosak —22—240(;?4—1
- zsinha
sinhak ZQEchoshaqu
z%—zcosha
coshak z2—2zcosha+1
anl
Uk (n) (z—1)
U * Uy, U(z)V(z)
k z
Zm:O Yi (z—l)Y(Z)
k z
a Yk Y (;)
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Let Us Sum Up:

In this section, we have discussed the following concepts:
z-transform of a sequence

Exponentially bounded sequence

Linearity Theorem

Shifting theorem

Initial value and final value theorem

Solving initial value problems using z-transforms
Convolution Theorem

Solving the Volterra summation equation

0 ® N ok W

Solving the Fredholm summation equation

Check your Progress:
1. The z— transform of the sequence {y; = 1} is .............

(A) = (B) & © 2 (D) None of these

z z+1

2. If the sequence {y;} is exponentially bounded , then the z-transform of {y; }

(A) converges (B) does not exists (C) is unbounded (D) diverges

(A) = (B) (C) =22 (D) None of these

z—a z—a (z—a)?

Unit Summary:

In this unit, several methods are given for solving certain difference equations with

variable coefficients and some summation equations.

Glossary:
* Z(yp)orY(z) - The z-transform of a sequence {y;}
* §(n) -The unit impulse sequence
o {up}t*{vp} -The convolution of the sequences {u;} and {v;}

114



Self-Assessment Questions:

1. Find the general solution of
(E—(t+1)(E+1u(t)=0.
2. Check that u,, = 2™ solves
Npre — (1 4+ 2n)uye1 + 2u, =0

and find a second independent solution.

3. Find the z-transform of each of the following:
(@) yr. = 2+ 3k.
(b) uy, = 3" cos 2k.
() vx = sin(2k — 3).
(A yr = K°.
(&) up = 3Yk+3.

(® vy = kcos %’r

(g) Y = % k
—-1)2
(h) U = Ek+)1)1 k even
0, k odd.
Exercises:

1. Solve the equation y(¢ + 2) + (2t — 1)y(t + 1) — 6ty(t) = 0 by factoring.

2. Use the method of reduction of order to solve the difference equation wu, o—

SUy,41 + 6u, = 0, given that u,, = 3" is a solution.

3. Use the method of generating functions to solve
3(n+ 2)upr2 — (3n + 4)upgy + up =0

if Uy = 3U1.
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4. Solve the first order initial value problem y,.; — 3y, = 4%, 1o = 0 using z-

transforms.

5. Solve the second order initial value problem v 5 — 5y, 1+6yr = 0,90 =1,y =0

using z-transforms.

6. Solve the system using z-transforms:

Uppr — 20, = 2 - 4F

—duy, + Vg = 4"

Uy = 2, Vo = 3.
7. Solve the Fredholm summation equation: y, = 10 + 233:0 kmy,,.

Answers for check your progress:

Section 3.1 1. (B) 2. (O 3. (B)
Section 3.2 1. (B) 2. (A) 3. (O

References:

1. W.G. Kelley and A.C. Peterson, “Difference Equations”, 2nd Edition, Academic
Press, New York, 2001.

Suggested Reading:

1. R.P. Agarwal, “Difference Equations and Inequalities”, 2nd Edition, Marcel Dekker,
New York, 2000.

2. S.N. Elaydi, “An Introduction to Difference Equations”, 3rd Edition, Springer,
India, 2008.

3. R. E. Mickens, “Difference Equations”, 3rd Edition, CRC Press, 2015.
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Unit 4

Stability Theory

Objectives:

This unit deals with initial value problems and stability theory for homogeneous

linear systems.

4.1 Initial Value Problems for Linear Systems

Consider systems of the form

ur(t +1) = an()ur(t) + - + arp(t)un(t) + f1(t)

ug(t + 1) = ag1 (H)uq (t) + - - - + agn (H)u, (t) + fot)

Up(t 4+ 1) = am ()ur(t) + - - + ann(t)un(t) + fult)

fort =a,a+1,a+2,---. This system can be written as an equivalent vector equation,
u(t+1) = A(t)u(t) + f(1), 4.1)
uy (1) Si(t)
where u(t) = u2:(t) , f(t) = fzz(t) and
un(t) fu(t)
au(t) alg(t) ce a1n<t>
A(t) _ agl:(t) agg(t) . ': . CLQn(t)
Qn1 (t) An2 (t) e ann(t)

The study of includes the n™ order scalar equation
Pu(t)y(t +n) + -+ po(t)y(t) = r(t) (4.2)
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as a special case. To see this, let y(¢) solve (4.2]) and define
wi(t) =yt +i—1)
for1 <i<n,t=a,a+1,.... Thatis,
uy(t) = y(?)

ug(t) = y(t + 1)

Up—1(t) =yt +n—2)
up(t) =yt +n—1),
and u;(t + 1) = y(t + i), and so
u(t+1) =yt +1) =us(t)

ug(t 4+ 1) = y(t + 2) = us(t)

Un—1(t+ 1) =yt +n—1) =u,(t)

up(t+ 1) = y(t +n).

From (4.2)), we have

po(t) pi(t) Pr—1(t) r(t)
y(t+n)=— y(t) — t+1)—---— yt+n—1)+
po(t) pi(t) pn-1(t) r(t)
= — up(t) — Us(t) — -+ un(t) +
p®" 50 T Y 0
0 1 0 e 0 l
up(t + 1) . . ) uy(t) 0
: — . . . . + :
- 0 0 0 1 o
un(t+1) _po) () pa(t) —Pn—1(t) Un(t) ¢
Pn(t)
L Pa) pn(t) pn(t) Dn(t)
Then the vector function u(t) with components u,(t) satisfies equation (4.1) if
0 1 0 0 0
0 0 1 0 0
A(t) = : : : : and f(t)=| . (4.3)
0 0 0 1 o
_pot)  pi®)  _ p2(t) —pn—1(t) pnlt)
L Pn (t) pn(t) Pn (t) Pn (t) .

The matrix A(t) in the above equation is called “Companian Matrix" of equation (4.2).
Conversely, if u(t) solves (4.I)) with A(¢) and f(¢) given in Eq. (4.3)), then y(t) = uy(t)
is a solution of (4.2). So, we have the following theorem.
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Theorem 4.1.1. For each ty in {a,a + 1,-- -} and each n-vector uq, has a unique
solution u(t) defined for t = tg,to+ 1,- - -, so that u (tg) = .

Remark: Assume that A is independent of ¢ (i.e., all coefficients in the system are

constants) and f(¢) = 0. Then the solution u(t¢) of
u(t +1) = Au(t) (4.4)

satisfying the initial condition u(0) = wy, is u(t) = Afug, (t = 0,1,2,---). Hence the

solutions of (4.4) can be found by calculating powers of A.

Definition 4.1.2. The equation
Au = \u (4.5)

where ) is a parameter; always has the trivial solution v = 0. If (4.5) has a nontrivial
solution u for some A, then ) is called an eigenvalue of A and wu is called a corresponding

eigenvector of A.

Note: The eigenvalues of A satisfy the characteristic equation det(A — A) = 0, where

I is the n by n identity matrix.

Definition 4.1.3. An eigenvalue is said to be simple if its multiplicity as a root of the

characteristic equation is one.

Definition 4.1.4. The spectrum of A, denoted o(A), is the set of eigenvalues of A, and

the spectral radius of A is

r(A) = max{|\| : A is in o(A)}.

Example 4.1.5. Find the eigenvalues, eigenvectors, and spectral radius for

=[5 1]

The characteristic equation of A is

det(A\ — A) =0

10 0 1
:det[A(O 1)_(_2 _3)]_0
A A—1 0
2 N+3 |

= M +32+2=0

SoA==2, A= -1
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So, the eigen values are given by o(A) = {—2, —1}.

To find the eigen vectors corresponding to A = —2, we solve (Al — A)u = 0.

[t oy (0 1 w] [0
01 -2 =3 ug | | O |7
The eigen vectors are all non-zero multiples of the vector with u; = 1 and uy = —2.

To find eigen vector corresponding to A = —1; we solve (A — A)u = 0.

[ fro) Jo 1 w] [0
01 -2 =3 up | |0
—U1 — U2 . 0
— {2u1+2u2}_{0}
The eigen vectors corresponding to A\ = —1 are all non-zero multiplies of the vector

with u; = 1 and uy = —1. Finally the spectral radius of A is

r(A) = max{| —2[,[ - 1[}.
= r(A) =2
Result: Let A\ be an eigenvalue of A and let u be a corresponding eigenvector. For
t=0,1,2,---, we have
Aty = N
so u(t) = Mwu satisfies (4.4) with initial vector u. Also if uo can be written as a linear

combination of the eigenvectors of A, say
uy = byu' + -+ + bu®
where each v’ is an eigenvector corresponding to );, then the solution of is
u(t) = b u' 4 -+ bpALu”. (4.6)

Thus, if A has n linearly independent eigenvectors (this is necessarily the case if A has
n distinct eigenvalues or if A is symmetric), then every solution of the system can be

calculated in above said way.

0 1

Example 4.1.6. Solve u(t + 1) = Au(t) f A= | —, 4

Let ug = { Zl } be an initial vector and recall that { 12 ] is an eigenvector for A = —2
) _
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and [ _11 } is an eigenvector for A = —1. Now, set

EIR B R Y R

b1 . [ 1 1 ! U1
bg - L -2 -1 U9
-1 1) [
- L 2 1 U9
. [ —Up — U2
| 2up + ug

By (@4.6), the solution of (4.4) with initial vector uq is

1

|15

u(t) = — (uy + ug) (—2)° { Y } + (2uy + ug) (—1)° {

Result: The Cayley-Hamilton Theorem:

Every square matrix satisfies its characteristic equation.

Example 4.1.7. Verify the Cayley-Hamilton Theorem for

1 2
A= [ L2 ] |
The characteristic equation for A is

A—1 =2

det[ 3 y_4

Now

o w4 o 12771 2] 1 2
R PO PR L P

(146 2+8 ] [5 10
| 8+12 6416 15 20

7 0] [7 10
1522 15 22

[0 0
“loo|

i.e., A satisfies its characteristic equation.

.. Cayley Hamilton theorem is verified.
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Remark 4.1.8. Let A be n x n matrix. If A\y,--- , \, are eigen values of A, then Cayley-

Hamilton Theorem implies that A" can be written as a linear combination of I, A, A%, --. , A"~L.Thus,

every power of A also can be written as a linear combination of I, A, A%,--. , A"~1,

Let \q,--- , A\, be the eigenvalues of A, with each eigenvalue repeated as many times

as its multiplicity. Define

My=1
Then
Ml = (A - )\1[) MO
= (A-MD)I
= A-\I
M2 - (A - )\2[) M1

M, = (A=XN1)(A=Xi D) (A= XN 20)--- (A= N\1).
It follows from the Cayley-Hamilton Theorem that M,, = 0.

Theorem 4.1.9. The solution of u(t+1) = Au(t), where A is independent of t with initial

vector ug 1S
n—1
u(t) = Z i1 (t) Myug = Alug,
i=0

where the M/s are given by My = I, M; = (A — N I)M;_1, (1 <i < n) and the ¢;(t), (i =

1,...,n) are uniquely determined by
c1(0) 1
02:(0) - O (4.8)
a(0) 0
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and

M 0 0 -0
a(t+1) 1 X 0 -+ 0 ci(t)
: =0 1 A - 0 : : (4.9
cn(t+1) T cn(t)
0 0 1 X\

Proof. We know that the solution of u(t + 1) — Au(t) = 0 (with the initial condition

u(0) = up) is given by
t—

u(t) =u(0) J]P(s)
A

t—1
=u(0) ]
= qut'
Let us find A
Now, by the definition of M;, each A’ is a linear combination of M, ..., M; for i =
0,...,n — 1, and by the remark above, the same is true for every power of A. Then,
we can write )
At = ZCiJrl(t)Mz
i=0
fort > 0.
u(t) = up A’
n—1
= Up Z Cit1(t) M;
i=0
n—1
= Ciy1(t)Miug, t > 0
=0

—

3
|

—

n—

Cz‘+1(t + 1)M1 =A Ci+1 (t)MZ

I
=]
3
|
a
=]

Cit1 (t) AMI

S
|l
_ o

Ciy1(t) [Miy1 + Nip1 M;]

|
3 -
‘HM
)

n—

1
= ci(t)M; + Z Cit1 (L) Aig1 M
1

i =0
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where we have replaced i by ¢ — 1 in the first sum and used the fact that A, = 0.

The preceding equation is satisfied if the ¢;(¢), (¢ = 1,...,n) are chosen to satisfy the

system,
(A 0 0 - 0]
Cl(t + 1) 1 /\2 0 s 0 Cl(t)
: -1 0 1 X3 --- 0 : ) (4.10)
cn(t+1) - cn(t)
0 - 0 1 An |
Since

A =T = ¢ (0) 4 co(0)My + - + ¢, (0) M1,

we must have

C1 (0) 1

co(0 0

2§ | . (4.11)

cn(0) 0
By Theorem [4.1.1} the initial value problem (4.10), (4.11) has a unique solution.
Hence the theorem. O
Example 4.1.10. Solve

1 1 o
u(t+1)—{_1 3:|u(lf), u(O)—{ﬂ].

Comparing the given equation with u(t + 1) = Au(t), we get A = _11 é ]

The characteristic equation is,

Al — Al =0, where [ = L O]

A E

1 X—3
= M —-3\—-)A+3+1=0

-

— N4\ +4=0=>)1=2,2
The matrix A has an eigen value \ = 2 of multiplicity 2.

By equation (4.7), My = I, M, = A —2I
o J10 [ 11 J20] [-11
"MO_[O 1}’M1_{—1 3} {0 2}_{—1 1}

126



From equations (4.10) and (4.11)),

=l e e e 20 ]-15]:
— o(t+1)=2c1(t), ci(0) =1,

co(t+1) =ci(t) + 2¢2(t), ¢2(0)=0.

First, consider ¢, (t + 1) = 2¢,(t), ¢1(0) = 1.
— Cl(t + 1) = QCl(t) 0
t
- C (t) =C (0) 2

= c(t)=1-2

Lol

Il
o

— Cl<t) = 2t.

Next, consider

ot +1) =2¢9(t) + 1 (t), ¢2(0)=0.

st +1) = 2c0(t) + 28
Then
co(t) =t~ 2071

By Theorem (4.1.9), we have

u(t) = (c1(t) Mo + ca(t) Mi) uo

Definition 4.1.11. A matrix A is said to be nilpotent if A™! # 0 and A' = 0 where
teZ".

Example 4.1.12. Compute all powers of

a-[20)

13
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Now, since [ (1) 8 } is nilpotent and commutes with I, the binomial theorem yields,

0 0
t _ otgt t—1
ez [00]

1o [0 0

_2{0 I A B

201, [ 0 0

10 2t t2t=1 0

2t 0

= tzt—l 2t :

Finally, consider the nonhomogeneous system
u(t+1) = Au(t) + f(t) (4.12)

The next theorem is a variation of parameters formula for solving (4.12).

Theorem 4.1.13. The solution of satisfying the initial condition u(0) = ug is
t—1
u(t) = Aug + Y AT f(s). (4.13)
s=0

Proof. It is sufficient to show that (4.13)) satisfies the initial value problem (4.12).

From equation (4.13),
-1
u(0) = Auq + Z AT ().
s=0

First we have .

Y AT f(s) =0

s=0

by the usual convention, so u(0) = .

Fort > 1,
t
u(t+1) = A ug + ) " AT f(s)
s=0
t—1
= Ay + 30 AT () + £(0)
s=0
t—1
= A |Alug+ Y AT ()| + f(D)
s=0
= Au(t) + f(1)
.". The equation (4.13) is the solution of equation (4.12). O
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Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Solving initial value problems for linear systems
2. Companion matrix
3. The Cayley-Hamilton Theorem
4. The Putzer algorithm

5. Computing the powers of a square matrix

Check your Progress:

1. The statement "every square matrix satisfies its own characteristic equations" is

known as .............
(A) Convolution theorem (B) Cayley-Hamilton Theorem
(C Putzer algorithm (D) None of these

2. The spectrum of A is denoted by ..........
(A) o(A) (B) r(A) (C) s(A) (D) None of these
3. If Au = \u has a non-trivial solution u for some \, then \ is called ...........

(A) spectral radius of A (B) eigenvector of A

(C eigenvalue of A (D) None of these

4.2  Stability of Linear Systems

The solution of an initial value problem for a system of equations with n unknowns is
represented geometrically by a sequence of points {(u(t), ua(t), ..., u,(t))}2, in R™.
In many of the applications of this subject,it is useful to know the general location
of those points for large values of t. Of course, there are numerous possibilities. the
sequence could converge to a point at at least remain near a point, the sequence could
oscillate among values near several points, the sequence might become unbounded
or the sequence might remain in a bounded set but jump around in seemingly unpre-

dictable fashion. The study of these matters is called stability theory.
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Theorem 4.2.1. Let A be an n by n matrix with r(A) < 1. Then every solution u(t) of
(4.4) satisfies lim; ., u(t) = 0. Furthermore, if r(A) < § < 1, then there is a constant
C' > 0 so that

[u(t)] < C6'[u(0)] (4.14)
for t > 0 and every solution of u of (4.4).

Proof. Fix 0 so that r(A) < § < 1, the solution of equation u(t + 1) = Au(t), u(0) = uyg
is

n—1
u(t) = Z Ciy1 (1) Miug,
i=0

where ¢;(t) are given by

[N 0 0 0 0 |

C1 (t + 1) 1 )\2 0 0 0 C1 (t)
o+ g 1 0o o || W
et +1) 00 0 1o, ] Lol

Cl<0) 1

co(0 0

and 4) =
cn(0) 0

By equation (4.10),
Cl(t + 1) = )\161(1&).

= [alt+1) | =ha)] = [M]la®)]

< r(A)[e(®)]-

Iterating this inequality and using ¢;(0) = 1, we have

[ er(1) [<r(A),
le1(2)] < r(A) e (1)] = [ea(2)] < (r(A))?,
ler B)] < r(A) er(2)] = |ex (3)] < (r(A))?,

ler(t)] < (r(A))! <8t > 0.
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Again,
Cg(t + 1) = C (t) + )\202(t>.

= lea(t + D] < Jer ()] + [haca(t)]
< ler(®)] +r(A) fea(t)]

= |ea(t+ 1) < r(A) |ea(t)] + (r(A))"

It follows from iteration and c»(0) = 0 that

(D)) < 1,

le2(2)] < (r(A)" +7(A) |e2 (2)] = 2r(4)
= @) < 2r(4),

23] < (r(A))* +7(A) [ 2(2) |= (r(A))* +2(r(A))?
= |e2(3)] < 3(r(4))%

lea()] < t(r(A))"H =0

I
o
=
N

t (M?))H 5.
fim (’f (5 ))) -l (M)

Now,

t
) —0ast — o

‘B
~
N\

=
e
N———
|
~
I
|
([@%)
—_
N———
$5
/‘\\

’I“(A) log (T(g‘)

r(A)\"!
St 5 converges to 0 as ¢t — oo

7d(‘/4) t—1 .
= t 5 is a bounded sequence.

So, there is a constant B; > 0 such that
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| Cg(t) |< Bldt,t Z 0.

Similarly, we can show that for ¢t > 0,

les(t)] <

there is a constant B, > 0 so that

|03(t)| < Bgét,t Z 0.

Continuing in this way (by induction), we obtain a constant B* > 0 so that
lei(t)| < B*', t>0, i=1,2,...n.
Now, for any matrix M, there is a constant D > 0 so that
|Mv| < DJv| YvinR"™.

Finally, the solution u(t) of equation

u(t+1) = Au(t), wu(0)=wuy satisfies

n—1
u(t)] = D civa(t) Miug
=0
n—1
< Z |ci1(8)] [Miuo|
i=0
n—1
=0
= O(;t ‘U()|
n—1
= |u(t)| < C6" |ug|,for C = B*ZD,-.
=0
Consequently, |u(t)| < Cd" |up| holds. Since 0 < § < 1, limy_,, u(t) = 0. O

Note: When all the solutions of the system go to the origin as t goes to infinity, the

origin is said to be “asymptotically stable”.

Theorem 4.2.2. If r(A) > 1, some solution u(t) of (4.4) does not go to the origin as t

goes to infinity.
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Proof. Since r(A) > 1, there is an eigenvalue A of A so that |[A\|] > 1. Let v be a

corresponding eigenvector. Then u(t) = \'v is a solution of and |u(t)| = |A|v| =
0ast— oo.

O
1 =5
Example 4.2.3. Solve u(t + 1) = { 95 _1 } u(t).
The characteristic equation of A = { 215 :? } is given by
|JA—X|=0
N A—-1 =5 | 0
—25 A+1 |
::A?—L+Z:0
— N =-1/4
— A= +i/2.
Then, o(A) = {i/2,—i/2} and
r(A) = max{|i/2|,| —i/2]} = r(A)=1/2<1.
.. All solutions of this system converge to the origin as t — oc.
Theorem 4.2.4. Assume that
(a) r(A) < 1.
(b) Each eigenvalue A of A with |\| = 1 is simple.
Then there is a constant C' > 0 such that
[u®)] < C'uol (4.15)

for t > 0 and every solution u of (4.4).

Proof. Label the eigen values of A so that |\, =1fori=1,2,...,k—1and |\| <1

fori==Fk,...n.

From theorem (4.1.9), we have

a(t+1) M0 0 0 ci(t)

ot+1) | 11 A 0 0 co(t)
: N I R R ¥ 0 :

cn(t+1) 0 1 An cn(t)
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Now, consider

alt+1) = Mal(t), «(0)=1.

at+1) =X a(t) = 0

t—1
= at) = a0 ]]n
)
= ¢(t) = .
Next, consider co(t + = ¢1(t) + Aaca(t),

)
- CQ(t+1) = )\i‘i‘/\QCQ(t),
)

Cg<t -+ 1) — )\QCQ(t = )\i
Since ¢»(0) = 0, we solve this equation by using annihilator method.

CQ(t + 1) — >\202(t) = )\i

Since )\’ satisfies the homogeneous equation
(E - Al) )\i - 07

we have

(E — )\1) (E — )\2) Cg(t) =0.

Since \; # )y, the general solution is
co(t) = Bio\l + Boy )\, for some constants By, Bas.
Continuing in this way, we have
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Consequently, there is a constant D > 0 so that
|ci(t)] = | BuAl + Baidl + ... + By
< |BuAi| 4 | Bads| + ...+ | Buhit]
= |Buy| + [Bai| + -+ + | Byl -
= |e(t)] < D.

From (4.10),
Ck(t + 1) = Ck_l(t> + )\kck(t), Ck(O) =0

= |cx(t + 1) = |ep—1(t) + Arcr(t)]
< e ()] + Akl lex(t)]

< D+ Al fex ()]
Choose § = max {| x|, | Aet1ls- - [Anc1] s | Anl} < 1
Then
lek(t +1)] < D+ 0 |ex(t)]

Since ¢, (0) = 0, by iteration

t—1
()| < DY
§=0

D1+5+68+-+67]
D

IN
—

1]

I
B

o)
=)

Thatis, |ey(t)]

IA

, fort > 0.

—_
[=%)

In a similar manner, we find that there is a constant D* so that |¢;(t)| < D* for
1=1,...nand t > 0.

Thus, the solution of equation u(t + 1) = Au(t), u(0) = uy is given by

135



n—1
u(t) = cip () Miug.
=0

n—1
— Ju()] < lei ()] [ Miu|
=0

n—1
<D™ | Mjug|
=0
= D* [|Myuo| + [ Myug| + - 4 | M, 1uo]]

< D* [Dy |ug| + D1 |ug| + -+ - + Dy1 |uol]
= D" (Dog+ Dy + -+ Dp_1) |uo|

= D*Dlug| , where D = Dy + D1+ -+ D,
= C|ug|,where C'= D*D > (is a constant.

s u(®)] < Clug|  fort > 0and some C' > 0.
[

Definition 4.2.5. Let A be an n x n matrix. Let A be an eigenvalue of A of multiplicity m.
Then, the generalized eigenvectors of A corresponding to \ are the non-trivial solutions
v of (A — AI)™v = 0. Clearly, every eigenvector of A is also a generalized eigenvector.
The set of all generalized eigenvectors corresponding to )\, together with the zero vector; is

called the generalized eigenspace and is a vector space having dimension m.
Note:

1) The intersection of any two generalized eigenspaces is the zero vector.

2) Atimes a generalized eigenvector is a vector in the same generalized eigenspace.

Example 4.2.6. What are the generalized eigenvectors for

A:

O O W

10
3 017
0 2

The characteristic equation of Ais |\ — A| = 0.



Therefore, A has eigen values \; = 3 of multiplicity two and \y = 2.

Then, the generalized eigen vector corresponding to \; = 3 are solutions of (A—3I)%*v = 0.

2 -

310 300 v 0
— 030(=]030 vy | =10
00 2 00 3 vs | 0
01 071°[ v 0
— |00 0 vy | =10
00 1 vs 0 |
= v3 =0

Thus, the generalized eigenspace consists of all vectors with vy = 0. This is a two dimen-

sional space, and

1 0
0l, |1
0 0

are basis vectors.

Next, the generalized eigen vector corresponding to Ay = 2 are solutions of (A —21)v = 0.

310 2 00 v ] 0

= 030[—-]020 v | =10

00 2 00 2| v | 0
110 vy | 0]
= | 010 vy | =10
000 v | 0

Therefore, the generalized eigenspace consists of all vectors with v; = 0 and vy = 0.

This is a one-dimensional (generalized) eigenspace spanned by the eigenvector

0
0
1

Theorem 4.2.7. (The Stable Subspace Theorem) Let )y, - - - , A, be the (not necessarily
distinct) eigenvalues of A arranged so that Ay, - -- , A\, are the eigenvalues with |\;| < 1.
Let S be the k-dimensional space spanned by the generalized eigenvectors corresponding

to A1, -+, M. If wis a solution of Eq. (4.4) with u(0) in S, then u(t) isin S for t > 0 and

lim wu(t) = 0.

t—o00

Proof. Let u be a solution of Eq. (4.4) with «(0) in S. Since A takes every generalized

eigenspace into itself, it also takes S into itself. Then w(t) is in S for ¢ > 0. Choose §
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so that

max {|A¢|, -, [} <9 < 1.

As in the proof of Theorem (4.2.1)) , there is a constant B > 0 such that
lci(t)| < Bé*

fort > 0,1 <i < k. By Theorem (4.1.9)

n—1

u(t) = cipr () Miu(0).

=0

Recalling the definition of M;, Eq. (4.7) and the fact that «(0) is a linear combination

of generalized eigenvectors corresponding to Ay, - - - , \x, we have, fori > k,
M;u(0) =0
Then
k—1
[u(®)] < D leia(8)] [M;u(0)]
=0
k—1
< B&"Y  |M;u(0)]
=0

for some constant C,

SO

]

Note: The set S in Theorem (4.2.7) is called the "stable subspace" for Eq. (4.4). It can
be shown that every solution of the system that goes to the origin as ¢ tends to infinity
must have its initial point in S. Thus, S can be described as the union of all sequences

{u(t)}s2, that solve the system and satisfy lim; ., u(t) = 0.

Example 4.2.8. What is the stable subspace for the system

S50
u(t+1)=11 .5 u(t)?
0 1

N OO
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The characteristic equation is

A—5 0 0
det | -1 AX—=5 0 =(A=5>2*\N-2)=0.
0 ~1 A-=2

Then, A has eigen values \; = .5 of multiplicity two and Ay = 2.

Since |A\1| < 1, he stable subspace has dimension two and consists of the solutions of

(A— .51 =0.
50 0 50 0 11°[w 0
— 1 50|=]0 50 vy | =10
0 1 2 00 5 Vs 0
000 1°Tw] 0
— |1 00 UQZO
00 2] [w] |0
00 07T 0
— |00 0 vy | =] 0
v

3 9
> U1+§U2—|—Z’U3:O

— 41)1 + 6vy + 9U3 =0.
Thus, S is the plane

4U1 + 6U2 + 9U3 =0.

From Theorem (4.2.7)), every solution that originates in this plane remains in the plane

0
for all values of t and converges to the origin as t — oo. Since | 0 | is an eigenvector
1
corresponding to A = 2, the solutions originating on the v3 axis are given by
0
ut)=2"1 0 |, (t>0)
U3

These remain on the v3 axis and approach infinity in the positive or negative direction,

depending on whether vs is positive or negative.

Remark If some of the eigenvalues \ of A with |\| < 1 are complex numbers, then the
corresponding generalized eigenvectors will also be complex, and the stable subspace is a
complex vector space. However, those generalized eigenvectors occur in conjugate pairs,
and it is not difficult to verify that the real and imaginary parts of these vectors are real

vectors that generate a real stable subspace of the same dimension.
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Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Asymptotically stable
2. Generalized eigenvectors
3. The Stable Subspace Theorem

4. Finding the stable subspace for the given system

Check your Progress:

1. If Ais an n x n matrix with r(A) < 1, then every solution u(t) of u(t+1) = Au(t)

satisfies ..........
(A) limy o/ (t) =0 (B) limy_,o, u/(t) # 0
(C limy o u(t) =0 (D) limy oo u(t) # 0

2. When all solutions of the system go to the origin as t — oo, the origin is said to

(A) asymptotically stable (B) stable (C) exponentially stable (D) unstable

3. If Ais an n x n matrix, and )\ is an eigenvalue of A of multiplicity m, then the

generalized eigenvectors of A corresponding to A are the non-trivial solutions v

Of wevrrrans
(A) (A= X)"v =0 (B) (A—A)"v =0
(C(A=X)""v=0 D (A-AD)"""v=0

Unit Summary:

In this unit, the solution of the initial value problem for homogeneous linear sys-
tems is derived through Putzer algorithm. Further, how the concept of generalized

eigen vectors is used to find the stable subspace of the given system is explained.

Glossary:

e det(A\] — A) =0 - Characteristic equation of the matrix A
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* g(A) - The spectrum of A

o 7(A) - The spectral radius of A

Self-Assessment Questions:

1. Convert the following second order system
v(t+2)—6v(t+1)+4dw(t+1) —3v(t) +w(t) =0
w(t+2) +wt+ 1)+ 3v(t+ 1) — 2w(t) = t3*
into a first order system like Eq.(4.1)

2. Show that the characteristic equation for
y(t+2)+ay(t+1)+by(t) =0
is the same as the characteristic equation of the companion matrix.

3. Verify the Cayley-Hamilton Theorem for A = { Z Z ] .

4. For which of the following systems do all solutions converge to the origin as

t—o00?
9 9 0 1 O
@u(t+1)= l R ] u(t). B ut+1)=10 0 1 |u).
-1 .6
1 -3 3
5. Find the stable subspace S for the following:
010
u(t+1)=10 0 1 | u(t).
1 3 9
1 1
Exercises:

1. Use Eq. to solve u(t + 1) = Au(t) if
(a) A is the matrix [ 22 ]
4
2
3

2
3
(b) A is the matrix | 2
4

2. Use Theorem (4.1.9)) to solve
y(t+2) +3y(t + 1) + 2y(t) =0
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3. Find AY, (t > 0) for the following matrix A.

o O O
— =
_ o O

4. Solve, using Theorem (4.1.13))
t+n=|5 e+ | ]| wo=|

5. Prove the following: if the characteristic equation for
y(t+n) +pnaay(t+n—1)+-+poy(t) =0

has a multiple characteristic root A with |A\| = 1, then the difference equation has

an unbounded solution.

6. Find the real two-dimensional stable subspace for

u(t+1) =

Onlw O

Answers for Check your Progress:

Section 4.1 1. (B) 2. (A) 3. (O
Section 4.2 1. (O) 2. (A 3. (B)

References:

1. W.G. Kelley and A.C. Peterson, “Difference Equations”, 2nd Edition, Academic
Press, New York, 2001.

Suggested Reading:

1. R.P. Agarwal, “Difference Equations and Inequalities”, 2nd Edition, Marcel Dekker,
New York, 2000.

2. S.N. Elaydi, “An Introduction to Difference Equations”, 3rd Edition, Springer,
India, 2008.

3. R. E. Mickens, “Difference Equations”, 3rd Edition, CRC Press, 2015.
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Unit 5

Asymptotic Methods

Objectives:

This unit deals with approximations of solutions of difference equations for large

values of the independent variable.

5.1 Introduction

This section does not deal with difference equations but does present a number of

basic concepts and tools of asymptotic analysis.

Definition 5.1.1. If lim; ., % = 1, then we say that “y(t) is asymptotic to z(t) as t
tends to infinity" and write

y(t) ~ z(t), (t— o0).
Example 5.1.2.

(412 + 4)*? (42)%% (1 + 1/4¢)%/2

tliglo 8¢3 - tlg& 8¢3
3
N3
= lim (2t)3 (1 + E) :
t—o0 83
132
= jfm (1 + 47)
= 1

SR+~ 88 (= ).
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Example 5.1.3.

1
e 1
i ) L
t—00 52 t—oo 32 (1 + 5)
=1
1

e~ — (t .
st~ 3 ()

Example 5.1.4.

Definition 5.1.5. If lim; % = 0, then we say that “u(t) is much smaller than v(t) as

t tends to infinity" and write
u(t) << o(t), (t— o0).

Note:1
y(t) ~ z(t), (t—o0) iff y(t)—z(t) << z2(t), (t— o00).

For, suppose that y(t) ~ z(t), (t — 00).

Then
=)y )
t—o00 Z(t) Z—00 Z( ) t—o0 Z(t)
= 1-1
= 0.

= lim — =



Note: 2 If y(t) ~ z(t), (t — o0) and if u(t) << z(t), (t — o), then
y(t) +u(t) ~ z(t), (t = 00).

For,
oy +u(t) o y(t) L ul(t)
tlg& z(t) - tlgi % + tliglo %
= 140

= 1
For example, we know that

(48> + 1) ~ 883, (t — o0).

Also,
. t?logt . logt
lim = lim ——
t—00 8t3 t—oo &t
1/t
= lim L
t—o00 8
1
= lim —
t—oo 8t
st logt << 8t (t — o0).
Then
(48> + 1) + 2 log t ~ 8%, (t — o)
because
nm(“l+ﬂw%+ﬂbgt—hm(yg+QWQ _ logt
t—o0 &3 o t—o0 3 t—oo St3
=140
=1.

Example 5.1.6. Discuss the asymptotic behavior of (4t + t)*/*.

Solution: Since 4t? is much larger than ¢, when ¢ is large, a good approximation should
be given by (4t2)3/ ? = 8t%. The corresponding relative error is given by

3/2

(482 417 — 85 85 (1+5)" —86°

8¢3 ]¢3
B . N 1 3/2 .
- At '
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If f(z) = (14 2)*2,[0, x], then by Mean value theorem, 3 ¢ € (0, ) such that
f(z) — f(0)

) JOL_
/2 _ )
% — g(l + c)?

3
— (142 =1+ 5(1 + o)V,

Therefore,

/2 3
(4% + 1) —8t3 3 e
¥ = 2(1 +¢) ) (5.1)

where 0 < ¢ < 4.

=0.

g (8 £)%% _ g3
o tgglo 8¢3

That is, the relative error goes to zero as t — oo. Also from (5.1)),

3/2

(482 + t) 8t

8t3

M
STforsomeM>0,andt21.

Thus, we say that the relative error goes to zero as ¢t — oo at a rate proportional to

1/t.
Definition 5.1.7. If there are constants M and t, so that |u(t)] < M|uv(t)| for t > ty,
then we say that “u(t) is big oh of v(t) as t tends to infinity” and write

u(t) = O(v(t)), (t— 00).

Example 5.1.8. By previous example, we have
/2 3
(412 4+ 1)* — 8t 1
e =0 ; , (t — OO)
S (42 0 =831+ O(1/1), (t — o).

Let us find a better approximation than the above as follows:

3/2
(482 + 1) = 8s° (1 + i)

4t
[ 3/1\ 3 171\
=8P 1+ (=) +-(1+ad) V22 (=
st +2<4t)+4( )5\ %
3 3 1
=83 |1+ — + —(1+d)"*=
I et std t21
:8t3-1+§+(9 1 (t — 00)
8t t2)]’ '
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We have 5
(42 +1)"* =85 4+ 3 + (1 + )7/t

> 83 + 3t2

> 8t% Vit > 0.
<. The O () estimate 8t° + 32 is closer to (41> + t)*/* than the O (1) estimate 8t for all
t>0.

(ie) O (35) approximation is better than an O (1) approximation if t is sufficiently large.

Example 5.1.9. Consider the exponential integral.

oo —at
En(z) :/1 etn dt, (z > 0).

We shall first investigate the asymptotic behavior of E,,(x) as = — oc.

1
Take n = el dv = e "dt
e—a:t
— dn = —nt " ldt, v= )
—x
-n
= dt

= © et/ _n e n [Te
+ dt =——— [ —at
/1 . (tn+1) T x/l g+l
1
o0 e—xt /OO
dt < e tdt
/1 tn+1 1

0 e—a:t e—x
— 1 thrldt < —

e8] e—zt e—z n e—m
—dt < — — =
;1 t T T\ X

Now,

So,for each fixed n,

Eo(z) = /100 et:tdt: 67 <1+0 G)) (2 = 00).

By using integration by parts repeatedly, we get for each positive integer £,

e {1_2+n(n+1)

ynn+1)---(n+k—1)

E,(z) = I +(—1)

T T 2

10 (xklﬂ)} (& = o0).
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The series in brackets is called an "asymptotic series" and it diverges for each x by the
ratio test.

Let us investigate the asymptotic behavior of E, (z) for large n.

Take u = e, dv=t"dt

t—n—i—l
— du = —ze dt, v= )
—n+1
e8] e—a:t
LBy (x) = / dt
TR
—at t—n+1 &0 00 t—n+1
S L / (—z-e ) dt

e > et
= — . dt.
n—1 /1 n—1 ¢
) [e'¢] e—xt [ee) e—a:
Since / tnfldt < / tnth
1 1

= @ = dt
1

{ — }
e*l’
2—n],

we have F,(z) < ¢ (6_ )

- {1+O(ni2)}, (n — o),

where z is any fixed positive number. So, we can write

Ba(x) = {1+O<l)], (n = o0).

n—1 n
A second integration by parts gives

et T

En(z) = n—l{1_n—2+0((n—2)1(n—3))}’ (n = o0)
_ nejl {pﬁg@(%)], (n = o0),

and the calculation can be continued to any number of terms.

Note: We could write O (%) instead of O (—2> ,and O <#> instead of O <;>

1
n— (n—2)(n—3)

without any loss of information.
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Let Us Sum Up:

In this section, we have discussed the basic concepts and tools of asymptotic anal-
ysis. Moreover, some standard non-trivial examples were also given to understand the

study on asymptotic behavior.

Check your Progress:

1. If limy oo % = 1, then we say that ..........

(A) y(t) is asymptotic to z(t) as t — oo

(B) y(t) is much smaller than z(t) as ¢t — oo
(C) y(t) is equivalent to z(t) as t — oo

(D) None of these

2. If lim;_,o % = 0, then we can denote it by .........

(A) u(t) ~ov(t), (t— 00) B) u(t) << wv(t), (t— o0)

(C v(t) << u(t), (t—o0) (D) None of these
3. Ify(t) ~ z(t), (t = o) and if u(t) << z(t), (t — oo) then .............

(A) y(t) +u(t) << z(t),(t = 00)  (B) 2(t) ~ y(t) +u(t), (t — o)

(C y(t) +u(t) ~ z(t),(t - oc0) (D) None of these
5.2 Asymptotic Analysis of Sums
Example 5.2.1. Find the asymptotic approximate solution of
Unt1 —NYn =1, n=1,23...
Solution: W.K.T, the solution of the given equation is

n—1
1
k=1
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Clearly, the sum in brackets is a partial sum of the Taylor series for e/ with 6 = 1.

zero like .
n:

o
I

NE

o (0<e<l).

(By Taylor’s formula)

n!

1
k!
k=0
n—ll fe'e) 1
=2t
k=0 k=n
11 e
=14+ -4
Zk -
k=1
11 .
k
eC
Thus,yn:(n—l)!{yl—i—e—l——]

—%n—D{m+e—1+o<$)L@w+m)

Thus, for large n, y,, is approximately (y; + e — 1)(n — 1)! and the relative error goes to

Example 5.2.2. What is the asymptotic behavior of Y ;_, k* ?

Solution:

ok =1422 43044t 4
1+{
v (

k=1

B

+ (n _ l)n—l + nn
(n—1)""1  (n—2)"2 22 1 H
J’_ - - -
nr nm nm nr
n—1\"""11 n—2\""7?1 1\ 1
~+ e (=
n n n n? n /) nrl
1 1 1
T g
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Now,

1 1 1 1 1
et —— = [T —
n  n? nt=l  n n  n? nn—2
_1n721
n nk
k=0
n n
k=0
1 1—(1/n)"1
n 1—1/n '
: L(1- )
— k’k< "1 - — .
e e (0

Zk‘k =n"[14+O(1/n)],(n = )

k=1

_ n—1

( ﬂ is bounded )
1—1/n

Hence, the asymptotic value of >, | k* is given by the largest term n™ with a relative
error that approaches zero like % asn — oo.
Similarly, we can prove that
. ~1\""1 1
Zk’“:n” 1+(n ) —+O(—2>],(n—>oo).
— n n n

Here the two largest terms of the series gives an O (-;) asymptotic estimate.

Example 5.2.3. Discuss the asymptotic behavior of

n—1
> 2 logk.
k=2

Solution: W.K.T, the Abel’s summation formula is given by

n—1 n—1 n—1 k
Z akbk = bn Z Qp — Z (Z ai) Abk

k=m k=m k=m \i=m

Putting a;, = 2* and b, = log k in the above formula, we have

n—1 n—1 n—1 k
D 2logk =logn )y 2F - (ZT) Alogk
k=2 k=2 k=2 1=2
n—1
=logn (22 +2° +---+2"1) =y (224+2%+ ... +2") Alogk

B
||

2
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i
L

= (logn) (2" —4) = ) (2""' —4) Alogk
k=2
n—1 n—1
=2"logn — 22k+1Alogk —4logn + 42A10gk.
k=2 k=2

Since the first two terms are asymptotically much larger than the last two terms, we
will neglect them.

By the mean value theorem,

1
Al —.
oghk < k:
n—1 n—1 1
Z 21 Alogk < ok+l (E)
k=2 k=2

C (D) (D) (D)o
(=) ()

on 1+n—1 1+n—1 1+ +n—1 1
 on-—1 n—2 2 n—3 22 2  on-3
n—3

2" n—1 1
B n—lkzon—(k—i—l) 2k

We can easily verify that #;}rl) <k+1,when0<k<n-—3.

n—1 on n—3

.'.22k+1A10gk< n_lzk;l.

k=2 k=0

By the ratio test, ;. &L is bounded.

n—1
271,
Z2k+1Alogk < M ( ) .M > 0 is a constant.

n—1
k=2
n—1 1
Th %logk = 271 2"
us,; og ogn + (n—l)

= 2"logn {1 +0 (m)} , (n — 00).

Here, the asymptotic behavior of the sum is given not by the largest term but rather

by twice the largest term.
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Example 5.2.4. Discuss the asymptotic behavior of Y, _, log k.

Solution: W.K.T, the Euler summation formula for : > 1 and n > 2 is given by

)

Zy(k) - /1n y(z)dx + M + Z % [y(2j—1)(n) _ y(2j—1)(1)}

k=1 Jj=1
5 /” y*) () Bai(z — [])dz.
(20)! Ji
n n ] logl <~ By, . 4
Z log E = / log rdr + w + Z i [log@]—l)(n) _ log(QJ—l)(]_):|
) 2 — (2j)!
k=1 Jj=1

1

——,/ log®) & By;(x — [x])dx
1

(20)!
noologn = By [(25—2)! (2§ —2)!
= [azlogw—x]leT%—;@j)!{ TR 1 }
Lo [rei=
+(2¢)!/1 o Dale = lel)d

% 7

log n Bs; 1 Ba;
= nlogn—n+14+—+ , . iy T PPN
2 ; (24)- (25 = 1) n¥7! 2 (27)(2) = 1)

e /" Bai(z —[a]) i

2% 22
. logn : By, 1
That logk = nlogn — A
s o Mer e B
! By, 1 [ By(z — [z]) 1 /°° Boi(z — [2])
R . R B A SV 7 QY (i Sl A /44
+ { Z 2)Ei—1) 2 /1 2% (T2 ) 2% x

(5.2)

The expression in braces is independent of n, so we take it as y(i).
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-.Byeq. (5.2),

L e logn Bs; 1
= E 1 —nl - - E J - —
7(1) ogk —nlogn+n 5 )2 —1) o1

k=1 j=1

1 % Byi(z — [z])

— —————~dx.

21/, x? ‘

= 1
Then v(i + 1) :ZIng —nlogn+n— ogn
k=1
A ng 1 1 & BQH_Q(ZE — [I])
-2 @)@ —1) 5T 22 EEEES

— (25)(2) n

Baito 1

* (Boiyo(x — [x])  Bagi(x — [x])
—l—/n ( (22~++ 2)x2i+2 o (20)2% ) dx
—0asn — oo.

So, ~ is independent of .

Equation eq. (5.2)) gives asymptotic estimates of },_, logk foreachi=1,2,....

For ¢« = 2, we have

2 logn By, By 1 /°° By(x — [z])
logk =nl — _= _Z it S St VAP |
;Og B T T A T
logn 1 1 1
=nlogn —n+ 5 —i—m—l—v—l—(?(ﬁ), (n—o00) (. By —6)
(5.3)

Now, applying exponential function on both sides, we get

n! =e¢’ <ﬁ>n N eﬁJrO(%), (n — o0)

e

or by Taylor’s formula,

n\" 1 1 1
|l =7 [ — N —
nl=e (e) N (1 + o + 53802 +0 (n3)> ,  (n— 00). 5.4

To find ~, consider the Walli’s formula

T 24...-2n 1% 1
— = lim .
2 noo |1-3---(2n—1)] 2n+1
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Now,

24---.2n 17 1 24---2n  24--.2n\° 1
[1.3--~(2n—1)] m+1 (1.3---(2n—1)'2.4~--2n) 2n + 1
2" (2" nIn!l? 1
{ (2n)! } 2n +1
2n(p)t 1

(2n)N2 2n+1
24” 64’}/(6) (1+m+288n2 +O(n ))
2n+1627(2?n) 2n (1+24n 4><288n2+0<L3))

ne* 1+ + L +0(&)
= 502 1 ( 112n 28§n2 ( 1)) 27(71—)00)
(2n+1) (1+ 55 + e + O (55))

> (1+12n+288n2+0(ni))4
414 50) (1+ 75 + e + 0 (55))

5, (n — 00).

2.4..2 2 1
(1.3....(2n7i1)) 2n+1

= lim = 1.
e =)
4(1+5-) (1+24n+4x288n2 +O(n3)>2
) <1.3?.%(2i711))22n1+1
= lim o = 1
n—00 e’
2
N 2-4---2n \° 1 627( L o)
~ — (n— 00).
1-3...(2n—1)) 2n+1 1

Hence, by Wallis formula,

o

4 2
= ¥ = 27
= ¢’ = 2m.

.. Eq. becomes

n\" 1 1 1
| = — -
n! 27m<6> <1+12n+288n2+0(n3)),(n—>oo). (5.5)

This equation is called Stirling’s formula and it gives a good estimate for n!.

Note: The Stirling’s formula is valid for gamma function also.

, B t\’ 1 1 1
(2.6,) F(t—i— 1) =27t <;> <1 + E + 28872 +0 (t_3>> ,(t — OO) (56)
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Example 5.2.5. Discuss the asymptotic behavior of solution of the first-order linear
equation tAu(t) — tu(t) = 0.

Solution: Consider

c T(t+3)+1)
(1+4) TE+1)

1) (13 \t+3 1 1 1
c 2r(t+3)(=2) (1 T e T oamserleE T O () )

t
(4 3) omE(L)" (T r—)

, (t — 00).

Now,




1\t
Thus, using the fact that lim; . (HTE) = /e, we get

u(t) ~c-t2, (t — oo).
Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Asymptotic approximations of sums for large n

2. Stirling’s formula

3. Use of Euler summation formula in establishing asymptotic behavior

Check your Progress:

1. We can write O(2) instead of

A) 0(5) @ O(n(nl_l)) (C) O(-%5) (D) None of these

2. If there are constants M and ¢, so that |u(t)| < M|v(t)| for t > t,, then we can

denote it by ........

(A) u(t) ~ov(t), (t— o00) B) u(t) << wv(t), (t— o0)

Q) v(t) << u(t), (t—o00) D) u(t)=0((t), (t— o)

24----2n
1-3---(2n—1

2
1 )
)} 5 +11sknownas ...........
n

(A) Taylor’s formula (B) Abel’s formula

(C) Walli’s formula (D) Stirling’s formula

5.3 Linear Equations

This section introduces the study of the asymptotic behavior of solutions of homoge-

neous linear equations.

Let u(t) be any nontrivial solution of the equation

u(t+2) + pru(t + 1) 4+ pou(t) = 0,
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where pg, p; are constants and the characteristic roots A;, A, satisfy |\;| > |\z]. Then
u(t) = a\] + bA, for some constants a, b.
If a # 0, then

u(t+1) a4+ b
u(t)  aXt + DA,

If a = 0, then
ut+1) bALH!

= = X
u(t) A, ?

u(t+1)

w(n converges to a root of the characteristic equation as ¢

So, in any case the ratio

goes to infinity.

If [\{| = |A\2], this property may fail. The equation

u(t+2) —u(t) =0

has characteristic roots A = +1 (so |\;| = |\z| ), and for the solution u(t) = 2+ (—1)’,

we find
u(t+1) 2+ (—1)t+t
u(t) 24 (=1)

This expression produces a sequence that alternates between 3 and %

Definition 5.3.1. A homogeneous linear equation
u(t+n)+ppa(ut+n—1)+---+po(t)u(t) =0 5.7)

is said to be of “Poincaré type" if limy_,oo pr(t) = pi for k = 0,1,--- ,n — 1 (ie., if the

coefficient functions converge to constants as t goes to infinity).

Theorem 5.3.2. Poincaré’s Theorem
IfEq. (5.7) is of Poincaré type and if the roots A, -+ , Ay Of A" +pp i A" L4 4+ py =0
satisfy |A1]| > |Ao| > - -+ > |\, then every nontrivial solution u of Eq. (5.7)) satisifes

u(t+1)
B )

-\
for some 1.
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Proof. Since the main ideas of the proof are evident in the case n = 2, we consider

that case only and write Eq. in the form
u(t +2) + (a+a(t))u(t + 1) + (b + 5(t))u(t) =0, (5.8)

where «(t),8(t) — 0 as t — oco. Recall that the roots A, A\, of the characteristic
equation \? + a) + b = 0 satisfy |\;] > |\y].
Let u(t) be a nontrivial solution of (5.8) and let z(¢), y(¢) be chosen to satisfy

(1) +y(t) = u(t)

Mz(t) + Aay(t) = u(t + 1). 5.9

The system ([5.9) has for each ¢ a unique nontrivial solution since

1 1
det|:/\1 )\2:|—)\2—>\17é0

and either u(t) or u(t + 1) is not zero.

Using Egs. and (5.9), we arrive at the system
2t +1) = Ma(t) + (o — A) ™ [[(na(®) + B1) 2(0)] + [(ealt) + 81) y(®)]], (5.10)

y(t+1) = ay(t) + O = Ao) 7 [[aa(t) + B)) y(8)] +[(Malt) + BE) (8)]]. (5.11)

Choose ¢ > 0 small enough that m“

—€

< 1, and choose N so large that

A=l e + B0 < 5, (1= 12)
ift > N.
Let ¢ > N and suppose |z(t)| > |y(¢)].
From Eq. (5.10),

2t +1)] > ] l2(8)] = 5(12(®)] + y(®)
> (] = 9 [ (0)]
From Eq. (5.11)),
[y(t + DI < Dol ly(®] + 5(1y(0)] + (1))

< ([Ao] + ) [z (?)].

Taking a ratio of these inequalities, we have
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y(t+1)| Xl +e
z(t+1)| = || —€
So, |z(t + 1)| > |y(t + 1)|, and inductively we conclude that |z(s)| > |y(s)| for all

< 1.

s > t. Consequently, there is a number M > N so that either

2(t)] > ly(t)| fort> M (5.12)

or

ly(t)| > |x(t)] fort > M. (5.13)

Suppose that Eq. (5.12) is true. There is a number r in [0, 1] (the "limit superior")

so that for each § > 0

y(t)

x(t)' <r+9 (5.14)
for sufficiently large ¢, and

y(t) 3

_a:(t) >r—9 (5.15)

for infinitely many values of ¢.

From Egs. (5.11) and (5.10),

ly(t 4+ 1) < Ao ly(t)] + e|x(t)]
[z(t + )| = [M][2(t)] — e|lz(t)]
fort > M, so by Eq. (5.15]

y(t)
s y(t+1)‘< Aol |5y | €

z(t+1) |A1] — €
for infinitely many values of t. By Eq. (5.14)

|Ao| (r+0)+€

r—0<
|A1] — €

or

(5(|)\1| + ‘)\2‘ — E) +e€
Al = [Ao| —e
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Since € and 6 may be chosen as small as we like, it follows that » = 0. Thus if Eq.
(5.12) is true, then lim;_, % = 0.
From Eq. (5.9),

“gg — 1and “ ”)1) — \; as t — co. Then “

In a similar way, Eq. (5.13) implies

limy e 23 = 0 and Timy o (u(t + 1) /u(t)) = Ao. O

—>>\1ast%oo

(t)

Theorem 5.3.3. Perron’s Theorem
In addition to the assumptions of Theorem[5.3.2], suppose that py(t) # 0 for each t. Then

there are n independent solutions uy, - - - ,u, of Eq. (5.7) that satisfy

Example 5.3.4. Consider (t + 2)u(t +2) — (t + 3)u(t + 1) + 2u(t) = 0.
Dividing throughout by t + 2, we obtain

t+3 2
u(t+2) — ——u(t+1 —u(t) =0
and the equation is of Poincare type since iig — 1 and H—2 —0ast— oc.

The associated characteristic equation is \> — A =0, so A\; = 1 and X\, = 0.

By Perron’s Theorem, there are independent solutions uy, us so that

ul(t+1)
u(t)

1, 28D g5t — 0o
u2(t)

Remark 5.3.5. For most purposes, we would like to have information about the asymp-
u(t—l—l)

totic behavior of the solutions themselves. Knowing the limiting value of =+ gives

partial information but does not immediately yield an asymptotic approaamatzon for

u(t). For example, some of the functions that satisfy lim; ”Ef(;l) = 1l are u(t) = 5,t,

312 4 12,457 Vi V1 log t, etc.

7t3 79

Theorem 5.3.6. Suppose “(t+)1) — A (t—= o0).

(@) If X\ # 0, then u(t) = £\te*® with z(t) << t, (t — 00).
(b) If A = 0, then |u(t)| = e7*® with z(t) >>t, (t — o).

Proof. Letv(t) = @

u(t+1)
At41
u(t)
N

v(t+1) _
v(t)

RPN

= 'lu(t+1)‘ -1, (t— 0).

163



Since v(t) is positive for ¢ sufficiently large, we can let z(¢) = logv(¢). Then

v(t+1)

2(t+1) — 2(t) = log ot

-0, (t— ).

Let ¢ > 0 and choose m so that |z(t + 1) — 2(t)| < € for all t > m. For ¢t > m,

2() = z(m)] < Y |=(k) = 2(k = 1)

k=m+1
< €(t —m.
So
()] < e(t =m) + [2(m)]
or

t

<2 2]

< 2¢

for ¢ sufficiently large. Since ¢ > 0 was arbitrary, 2(¢) << t, (t — o0), and the proof of
(a) is complete.

The proof of part (b) is similar. O

Remark 5.3.7. If A = 0, then Theorem[5.3.6{(b) implies that u(t) must tend to zero faster
than e~ for every positive constant c. For \ > 0, Theorem [5.3.6|(a) is equivalent to the
statement that (A — 9)" < |u(t)| < (A4 0)", (t = o0) for each small § > 0.

Example 5.3.8. We know that one solution of

(t+ 2u(t +2) — (t + 3)ult + 1) + 2u(t) = 0.

2t

is u(t) = 2. Note that “t1 — 2. () as t — oo, so we can take us(t) = 2.

u(t) t+1

Let’s try to produce more information about wu,(t). We know that

——— =1+ (1), (5.16)
) p(t)
where ¢(t) — 0 as t — oo. Writing the difference equation in the form
t4+2)————(t+3)+2——————= =0
(t+ )u1(t+1) (t+3)+ up(t+1)
and substituting Eq. (5.16), we have
2
t+2)(1 t+1)—(t+3 =0
(t+2)(0 o+ 1) = (43 + 1

164



By the Mean Value Theorem (applied to the function % ),

2
1+ o(t)

=24 0(p(1)), (t = 00).

So we have

(t+2)(1+@t+1)—(t+3)+2+O(p(t)) =0.

Rearranging,

ﬂtﬂ):—%ﬂO(@), (t — o0).

We conclude that

o(t) = —HLﬁo(tlQ), (t - 00).

Substitute this last expression into Eq. to obtain

w(t+1) = t% (1 Lo (;2)) w (8).

We solve this equation by iteration, beginning with a value t = t, so that u; (to) # 0 and

1+0(%)>0fort>t:
ul(t):E)SjIE)(1+(9(S—12>)u1(t0)
_ by, (to)ﬁ (”0(5_12))'

s=tg

In order to complete the calculation, we need the following theorem.

Theorem 5.3.9. Assume that both y >, a, and ) °, a? converge and 1 + a, > 0 for

s=tg 'S

s > to. Then lim;_, Hi; (1 + ay) exists and is equal to a positive constant.
Returning to our calculation, we see that lim,_, ., tu,(t) = C # 0, so we finally have

uq (t) ~ %, (t — 00).

Note: An equation that is not of Poincaré type can be converted to one of Poincaré

type by a change of variable.

Example 5.3.10. Consider u(t+2) — (¢t + 1)u(t + 1) + u(t) = 0.
If this equation has a solution that increases rapidly as t increases, then the terms u(t+2)

and (t 4+ 1)u(t + 1) will increase more rapidly than the term u(t), so
u(t+2)~ (t+Dult+1), (t— o0).
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This relation suggests that u(t) may grow as (t — 1) does! Consequently, we factor off this

behavior by making the change of variable
u(t) = (t — Dlo(t).

The resulting equation for v is

v(t+2)—v(t+1)+

which is of Poincaré type with characteristic roots A\ = 0, 1. As in the previous example,

set
v(t+1)
2 4o
o) + (1),
where p(t) — 0 as t — oo, and substitution yields an equation for ¢ :
1 1
e(t+1)+ =0

tt+1)1+ o(t)

Since 15 = 1+ O(p(t)) as t — o0),

So

Then

and Theorem implies

for some constant C. Finally, we have
ur(t) ~C(t—=1), (t = o0).
Next, set

v(t+1)
v(t)

where ¢ (t) — 0 as t — oo. Then v satisfies

= (1),
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or

It follows that

ot 4+ 1) = ﬁ (1 L0 (t%)) o(t),  (t— oo).

Iteration and Theorem yield a constant D so that

D
v(t) ~ TSk (

t — 00)

and we obtain a second solution uy(t) that satisfies

wlt) ~ 2 (1 o0).

Example 5.3.11. Consider u(t + 2) — 3tu(t + 1) + 2t%u(t) = 0.

If we seek a rapidly increasing solution, it is not clear in this case that any term is asymp-
totically smaller than the others. In fact, a growth rate of t! would roughly balance the
size of the three terms. Let

u(t) = th(t).
Then v(t) satisfies

v(t—|—2)—(3—%)1}(75—1—1)4—2(1—%)@@):0

which is of Poincaré type. By Perron’s Theorem, there are independent solutions vy, vy SO

that
M — 17 M - 92
vy (1) va(t)
ast — oo. Let ”lv(lt(’:)l) =1+ ¢(t) so that lim;_,, p(t) = 0. A short computation leads to
2 (1) 2
t+1)—2p(t) =—————F———=+0 | —= @) t t .
o0+ 1) = 2000 = ~ e+ 0 (A2) 1 0 (P0) . (1o o0)

If we call the righthand side of the preceding equation r(t), then the general solution is

o(t) =21 (C’ + Z_: %) :
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To satisfy the condition lim;_,, ¢(t) = 0, choose C' =

and

or

It follows that ¢(t) =

O (1/t*) as t — oo, vy(t) ~

o ’T‘S
s=1 92s

-2

r(s)

9s— t+1

w(t):—z

[p(t)] < max]r(s |225

o(0)] < max[r(s)].

original equation then satisfies

Now, set
Ug(t -+ 1) .
ol 24+ 9(t)

with (t) << 1(t — o0). We find

U(t) 3t+4 9

P+ -=7 = (t+1)(t+2) O (¥7(1)

Since

3t+4 3

t+D)(E+2)

the general solution is

t

+O(t12), (t — o0),

P(t) =21 |C + 225 (% + 0O (Slz) + 0O (¢2(s)))] . (t— o0).
Also,
ZQS (i’) = —2t l1+0 (%)} . (t— o).
Since
e (2)-0(2): 0o
we have o
w0 =7+0(5). @)

then

Ch, (t — o0). A solution wu,(t) of the

(t — o0).



Then, v, satisfies

oot 1) =2 (?) {1 40 GQH va(t)

and we find by iteration

vy(t) ~ Cot®271 (t — 00).

So finally

ug(t) ~ Co2 Mt + 3)!,  (t — o0).

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Asymptotic behavior of solutions of homogeneous linear equations
2. Poincare type difference equation
3. Poincare’s Theorem

4. Perron’s Theorem

Check your Progress:
L IFAED - A (t— oo) and if A # 0, then .........
(A) u(t) = £Me*® with 2(t) << t, (t — 00)
(B) u(t) = £\e*® with t << 2(t), (t — o0)
(Q) u(t) = £Xte*® with 2(t) ~t, (t — 00)

(D) None of these

2. If “S(Bl) — A (t — o0)andif A =0, then ..........

(A) |u(t)| =e*® with 2(t) << t, (t— o0)
B) |u(t)| = e*® with z(t) ~t, (t — o0)
Q) |u(t)] = e~ with z(t) >> ¢, (t = 0)

(D) None of these
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3. Which of the following functions doesn’t satisfy lim;_,, “Ef;;)l) =1?

(A) 5 B) ¢ (C) logt (D) None of these

Unit Summary:

Approximations of solutions to difference equations for large values of the inde-
pendent variable are studied in this unit. The asymptotic behavior of solutions of
homogeneous linear equations is discussed using Poincare’s theorem and Perron’s the-

oreml.

Glossary:
e y(t) ~z(t), (t—o00) -y(t)isasymptotic to z(t) as ¢ tends to infinity
e u(t) <<w(t), (t—o00) -u(t)ismuch smaller than v(¢) as ¢ tends to infinity

* u(t) =0(v(t)), (t— o0) -u(t)isbigoh of v(t) as ¢ tends to infinity

Self-Assessment Questions:

1

1. Verify the following asymptotic relation: m ~ 3,

(t = 0).

2. Verify
(a) 52 sin 3z = O (2?)

. (= 00).
b -5=1[1+0()], (z— o).

3. Give estimates of
(@) [ < dt.
(b) [ < dt.

+3

4. Use Taylor’s formula to obtain an asymptotic estimate for

3
—

1
1(2—]{;)!, (n—>oo)

e
Il

5. Investigate the asymptotic behavior of the solutions of
ut +2) — 3tu(t + 1) + 2u(t) =0
ast — oo.

170



Exercises:
1. Verify tan (1/¢*) << £, (t = o).

2. Show that V2 + 1=t [1+ 55+ O (#)], (t = o).

3. Use integration by parts to show
et 1 1 1
dt=—(1-—-4+0|—=
/0 x+t x( x+ (x2)>’ (z = o0)
4. Verify

@ >, kl=nl [1 +0 (%)] , (n — 00).
() S, bl =nl [1+ L

=
+

QS
-
E)
d
)

5. Verify Wallis’ formula:

R P on 1% 1
— = lim
n—oo |1-3------ (2n—1)] 2n+1
(Hint: first show that
2 (2n — 2)

and

2 1-3---(2n—1
/ sin®® xdx = (2n >E
0 2:4---(2n) 2

Next, integrate the inequalities sin®" ™! z < sin®** x < sin®*~! z, which hold on the

interval [0, Z].)
6. Show that if lim; % = A > 0, then for each § in (0, \), (A—0)" << |u(t)| <<
(A+9), (t — o0).
Answers for Check your Progress:

Section 5.1 1. (A) 2. (B) 3. (O
Section 5.2 1. (O 2. (D) 3. (O
Section 5.3 1. (A) 2. (O 3. (D)
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